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Preface

The Minimal Supersymmetric Standard Model (MSSM) provides one of the first realistic
attempts to describe physics beyond the Standard Model. Although there is a huge amount
of new fields and parameters in any SUSY-extended model, the MSSM reproduces all the
succesful predictions of the original GWS theory with a very good accuracy. Moreover, the
global N = 1 supersymmetry, being a new symmetry in addition to the original SU(3). ®
SU(2), ® U(1) local gauge invariance, puts constraints on the Higgs sector of the model,
which is rather indefinite in the nonsupersymmetric theories. In the case of MSSM this
leads to the tree-level relation m; < myz|cos28| which bounds the mass of the lightest
Higgs scalar. For 3 < 7 this bound would be in conflict with the present-day lower bound
my, > 74.4 GeV/c? arising from the LEP experiments [21]. However, radiative corrections
modify the upper bound substantially.

Up to now there were many papers attempting to compute one-loop renormalised rela-
tions for the lightest Higgs boson mass (for example [4],[8],[10],[20] and many others) and
also several partial two-loop results were already obtained [12].

In this work I have discussed some technical details of the relevant one-loop calculations
that are not presented in current literature in sufficient detail. In particular, cancellation of
ultraviolet divergences in the relation m7 + m?, = m% + m?% is demonstrated explicitly. In
a similar spirit, I have shown that the one-loop radiative corrections to the MSSM neutral
Goldstone boson propagator coming from the quark and superquark loops vanish, i.e. both
the UV-divergent and the finite parts of the sum of corresponding one-loop graphs are zero.
In the RGE approach I have generalised the schemes used by [20] and [6] for the S-function
computation into an arbitrary R, gauge.

The work is organized as follows: Chapter 1 contains a brief overview of the MSSM Higgs
sector; with the help of the explicit form of the MSSM Higgs potential (derived in Appendix
D) the Higgs spectrum is reviewed and the tree-level upper bound for the mass of the lightest
Higgs scalar my < myz|cos2/3 | is derived. Chapter 2 describes the renormalisation of the
tree-level Higgs mass relation m? + m%, = m? + m%. Chapter 3 is a supplementary part
devoted to the one-loop Goldstone scalar self-energy which was not explicitly discussed in
the literature yet. The problem of the lightest Higgs boson within MSSM is recalled in
chapter 4 and reinvestigated using renormalisation group techniques. The rest of this work
consists of four appendices containing computational details; dimensional regularisation of
relevant integrals is performed in the Appendix A. Feynman rules for the MSSM Higgs sector
are written down in the Appendix B. Appendix C contains a complete list of contributions
of diagrams considered in chapter 2. To make this work more self-contained there is the
Appendix D describing the basic MSSM structure at the end of the text. The references in
the last section are nothing more than a list of used literature. For more comprehensive list

see for example [17] or [12].
I would like to thank to my supervisor, Prof. Jiti Hofejs{ from the Nuclear Centre of the

Charles University in Prague for his patience and encouragement throughout the writing of

this work.

Michal Malinsky



Notation, conventions

Constants:
9,9 SU(2)r, and U(1) gauge couplings
A SM quartic Higgs coupling
hy Yukawa couplings
IXYZ> GWXYZ general trilinear and quartic coupling constants
V1, Vg vacuum expectation values of Higgs fields
Ow Weinberg’s (weak mixing) angle
Q@ MSSM Higgs sector ortogonalisation angle
Ié] MSSM Higgs VEVs proportionality angle
0; supertop L — R mixing angle
e electric charge in units of positron charge

Au,Agme,ma. s,n MSSM (soft) SUSY-breaking parameters
MLaMR;MUaMDaMQ

f7f17f25M7Ml
Parameters:
e, d=4—2¢ dimensional parameters
u? regularisation parameter
£ gauge fixing parameter in R¢ gauges
q, k external and internal momenta of Feynman graphs

Fields, Superfields:
ﬂ-l’Q,I—/,E,U7b,QA Higgs, lepton and quark chiral superfields

A.B vector superfields of gauge bosons
H.hAH* GOG* MSSM Higgs fields

t, &1, to top quark and two top squark (stop) fields
Z, W* SU(2), ® U(1) gauge bosons

PERD gauginos

Fy, D* D', W  auxiliary quantities

w superpotential
Others:
Cuv[.], F[] divergent and finite parts of considered diagrams
%Y (q), I*(q) self-energies, vacuum polarisation tensors
Dg “(q) Feynman propagator of gauge bosons
T Yy isospin and weak hypercharge operators
Ly V.. Lorentz indices
a, &,. .. spinorial indices
6,6 anticommuting superspace coordinates

We use g = diag(1,—1,—1,—1) metric tensor and the usual sumation convention.
Sumation over undotted spinorial indices goes in the upper left-lower right direction. This

and other conventions of ’spinor calculus’ are those used in [17].



1 The Minimal Supersymmetric Standard Model

The Minimal Supersymmetric Extension of the Standard Model (also Minimal Supersym-
metric Standard Model, MSSM) was formulated at the beginning of 1980s as a generalisation
(and the first supersymmetric alternative) of the original GWS model of electroweak interac-
tions. (In fact, the full Standard Model (and also the full MSSM) includes strong interactions
too, but this work is devoted to the electroweak sector only.) Although the GWS theory
was unprecedently succesful, there were several reasons to try to find a SUSY-improvement
of it:

e There are many free parameters in the model; for example the mass of the Higgs scalar
and the Higgs quartic self-coupling constant A (one proportional to the other) remain
in non-SUSY models unpredicted.

e SUSY is the first attempt to unify fermions with bosons; supersymmetry describes
fermionic and bosonic fields as different components of one or several ”superfields”.

This also seems to be very atractive from the philosophical point of view.

e Any additional symmetry improves the asymptotic behaviour of the theory; for ex-
ample the quadratic ultraviolet divergences in the self-energy graphs coming from the
matter loops are cancelled by the graphs involving loops of their superpartners; this

mechanism is demonstrated explicitly in chapters 2 and 3.

The adjective 'minimal’ in the name of MSSM means that the supersymmetrisation of
the SM was done in a minimal way i.e. MSSM contains as few fields and free parameters as
possible. Models that do not obey this condition are called non-minimal (NMSSM); we will
not consider them because the number of new free parameters is usually not significantly
compensated by any growth of their predictive power.

There are many excellent papers describing the MSSM construction, for example [4],
[11], [14], [17] and others; more comprehensive list of references can be found in [17]. A brief

overview of the MSSM structure is also included in Appendix D.

The main topic of this work is to reconsider some technical aspects of the Higgs sector of
the MSSM (namely the mass of the lightest Higgs boson) at the one loop level of perturbation
theory. First of all we look at the Higgs potential to recall the way in which the known
relation mj;, < myz|cos(| arises. After that we are going to derive several tree-level relations

which will be useful later.

1.1 The MSSM Higgs sector and relation m;, < mz|cos2( |

As we will see in a moment the Higgs sector of the MSSM is much more complicated than
in the original GWS model. There are five physical Higgs bosons (two neutral scalars i and
H, one neutral pseudoscalar A and two charged scalars H*) and three Goldstone modes
(neutral pseudoscalar G° and two charged G*). The main source of such a structure is the

presence of two Higgs doublets in the theory [3]. Let us express them by means of eight real

1 ( hy+iho 1 hs+ihg
Hy = — Hy= — 1
! \/§<h3+ih4>’ 2 \/§<h7+z‘h8> (L)

parameters:



(The normalisation factor (v/2)7! is involved to ensure the correct normalisation of the
kinetic terms.) Inserting (1) into the explicit expression for the Higgs potential derived at

the end of Appendix D (395) we can rewrite Vijees to the form

1 4 8
Vancos = (m3 " 12 +m3 > h2) = mi(hahe + hah — hshs — hahs) +
=1 1=5

4 8
1 2 1
t35 (07 +0") (3002 = D0 R2) o7 (ks + hohs + hahr + hahs)” + (2)
=1 1=5

1
+ gQQ (hlhﬁ + hshg — hohs — h4h7)2

The asymmetric minimum is chosen so that

1 V1 1 0
<H1>=\/§<0>7 <H2>:\/§<v2> (3)

where the quantities v; and vy are the so-called vacuum expectation values (VEVs). This
particular choice of VEVs ensures the correct spontaneous symmetry breaking pattern, i.e.
there are three broken generators of SU(2), ® U(1) corresponding to three massive vector
bosons Z, W* and the charge U(1), remains unbroken so the related gauge boson (photon)
is massless. (Note that only the neutral components of doublets received VEVs; all the
necessary quantum numbers are written in the Table 1. on page 68.) In this minimalisation

point the potential fulfills the following relations

oV, 3GS 1 2
T = —mis + (67 4+ 9”)0F By =0 (1)
1 min
oV 1
Tt =mive —mivn — (g7 +97) (0 — )2 =0 (5)
ah7 min 8
which will be useful later. Next, it is convenient to define a new parameter (3
(%) s
t == 0 —) 6
i =2 pelog (6)
We are now ready to compute the corresponding Higgs sector mass-squared matrix M?2:
62‘/HIGC9
M2 = L Vmass 7
“ 8h18h] min ( )

It is huge but the computation is not too hard because of a simple structure of (3):

My O 0 0 0 0 M7 O
0 DMy O 0 0 0 0 Mo
0 0 DMz 0 Mz O 0 0
e I O ®
53 55
0 0 0 Mgy 0 Mg O 0
Mzp O 0 0 0 0 M»n O
0 Mg O 0 0 0 0  DMsgsg

Due to the polynomial character of Vjjqqs this matrix is symmetric and its nonzero entries

have the following form:

1 1
My =mi+ o(o® +9%) B —0d) Mz =—mi— (6" + g v



Myy = mi + é(g%rg/z)(vf —v3) Mg =mj
Myz = m7 + éQQ(U% +v3) + égﬂ(vf —vy) Mz =mi+ 3920102 (9)
Mi =+ 20208 +18) + 0" (0F =) Mo =~ — 1P
My =+ <gP (0} +08) + 20 0d — i) Mir = md— (67 + g) (0 — 30d)
Mg = m + 20203 +08) + 20 (0F —B)  Mus = md— (6* +¢°)(0 — )

The mass-squared matrix (8) looks a little bit better in a specially reordered basis H =
(h1, hy, ha, hs, hs, hs, ha, he) because it is then block-diagonal:

Mﬁ 0 0 0
0 M? 0 0
M*y = B 10
e (10)
0 0 0 M,%
with
Mf‘ — M11 M17 Mé = M22 M28 (11)
M71 M77 M82 M88
M. M. M M
Mé _ 33 35 Mlgj — 44 46
Msz  Mss Mes  Meg

Diagonalisation of matrix (10) is then equivalent to the simultaneous diagonalisation of four
2 x 2 matrices M3 ... M%. Note that matrices M% and M3 describe masses of neutral
physical states because they operate in spaces of the neutral components hi,hs,h; and hg
while M2 and M3 correspond to the charged sector.

In this work we will not deal with the charged Higgs or Goldstone fields so in the following
text we aim on the M3 and M3 only. Let us start with the neutral pseudoscalar sector, i.e.
with M3.

I. Neutral pseudoscalar sector: Let us rewrite M3 explicitly. Using (4),(5) and (9) we

obtain
M2 = m5 ( v} s ) (12)
V10U2 V10U2 vy
This matrix is singular (detM% = 0) and has two eigenvalues:
m2
mzo =0 and m% = —2 (v + v3) (13)
U1U2

The notation should be self-explanatory: G° is the neutral Goldstone pseudoscalar and A
is the usual name of the (only) massive neutral MSSM pseudoscalar.

I1. Neutral scalar sector: Let us again first write down the M3
of (4),(5) and (9) we get

matrix. With the help

a [ mBveert 567 g —mE - 37 e\ _ (A B u
AT 2 1(,2 /2 2 -1, 1/.2 12y, 2 = (14)
—m3 — 5(g° + g )viva  m3vivy " + 3(9° + 9" )3 B C



The eigenvalues Ai 2 of this matrix, which are identified with squared masses of the corre-

sponding particles, are solutions of the characteristic equation det(M3 — \) = 0:

Al2 = % [A +C+\(A+CO)2—4(AC — 32)] (15)

Having the eigenvalues we can easily get the associated eigenvectors x; o; for B # 0 they are

1
m:N“( (2B)1 [~(A-C) + /(A= C) + 457 ) (16)

Here Nj o are some (unimportant) normalisation constants. From this we can obtain the
mixing angle « defined as an angle between vectors (1,0) and x; (counterclockwise), i.e. the

following relation holds

—(A-C) £ /[A-C)P2 +4B?

t = 17
ano ¥ (17)
To evaluate the eigenvalues (15), note first that
m3 Lo, 12 2, .2 2 2
A+C= + 7007 +97)| (0 +v3) =mi +my (18)
V1V 4

Here we have used (13) and m% = 1(¢* + ¢"*)(v?2 + v2) (which is the MSSM equivalent of
the known GWS relation). Similarly (14) implies

V1V2

1 m3 v — 2\’
ac-p = [ (¢ +o”) 0t +od)| |20t (B2) 09
The terms in square brackets again correspond to the masses m% and m%. The remaining
part can be recast in a more compact form using (6). Then

AC — B? = m%m%cos?2p3 (20)

Inserting now (18) and (20) into (15) we get the masses of the Higgs scalars h (corresponding
to the minus sign in (15) and therefore lighter) and H:

1
my g, = 3 {mi +m% + \/(m?4 +m%)? — 4m124m2z(30822ﬂ} (21)

The mass of h is bounded; we can see it from its first derivative with respect to m?%:

om; 1 ) m% +m% — 2m%cos?23 (22)
omy 2 [(m? +m%)? — 4m?4m2200822ﬁ]%
which is still positive, i.e. mi grows with m% growing. The upper bound is then
1
lim 3 [mi +m% + \/(m?4 +m%)? — 4m2AmQZcos226} = m%cos?2 (23)
mA—>oo

This means that the tree-level mass of the lightest Higgs scalar h is smaller than the mass
of the Z boson.
my, < mgzlcos2f | (24)

At first sight this prediction would be problematic if there is no experimental evidence of
any Higgs state bellow the weak scale = 90 GeV. (Note that recent measurements give the



lower bound to the mass of the lightest MSSM Higgs at the level 74.4 GeV/c?, see [21].)
But it would not exclude the MSSM from the game because this relation provides only a
tree-level prediction which can (and really does) receive large corrections from the higher
orders of perturbation theory. This will be shown in detail in this work:

e In the first part (chapters 2 and 3) we perform a direct diagrammatic computation of
the one-loop correction to the tree-level relation

mi + m%[ = m124 + m2Z (25)

(this is a consequence of (21)) which will allow us to see that the Higgs scalar sector
4

. . . m
receives a large contribution of order 4 where m; denotes the top-quark mass.
z

e In the second part, the mass of the lightest Higgs boson h is calculated indirectly using
the renormalisation group method (chapter 4).

To be able to perform the first step of this program we will need to derive one additional
relation among the Higgs sector parameters, which has not been given explicitly in the
literature. Using (17), we can state

2 2
sin2a = i 232 = = (mg i_ mf) sin2(3 (26)
(A-C)*+4B my, H
_ 2 2
cos2a = A-C = <m’24 m2Z> cos2(3 (27)
(A= C)? +4B? My, — My

Here we have utilised definitions (6) and (14). Now, the previous relations together with
(25) imply

% [(mi +m3 —m} — mZZ) + (m,% — m%{) cos2a — (mi — m2Z) COSQﬁ} =0 (28)

Simplifying the left-hand side we obtain
micos?a + misina —m?cos?f — m%sin?B = 0 (29)

This relation will be very handy later on.



2 Renormalisation of the Higgs boson masses

In this section we perform a partial one-loop renormalisation of the tree-level relation

mi +mi —m4 —m% =0 (30)
The word ’'partial’ should express the fact, that we do not consider all the possible one-loop
graphs but only a special subset of them: graphs involving one top quark and top squark

(supertop) loop. There are several reasons for doing this:

e There are no significant contributions from the gaugino-higgsino and IVB sectors of
the MSSM (see for example [8])

e Contributions coming from the matter-fields turns out to be proportional to the mass

of corresponding fermion and the heaviest known fermionic field is the top quark

2.1 Definition of renormalization parameters

The main part of the following computation will be performed in the unitary gauge; this
particular choice reduces the number of diagrams to be considered and simplifies the renor-
malisation scheme. The only disadvantage of this is the fact that the computation scheme is
a little bit more complicated than for example in R gauges (see [4]), because no cancellation
within the tadpole sector occurs. The diagrams to be computed are listed and regularised
in Appendix A. (There are also several graphs including the neutral Goldstone pseudoscalar
G which will be useful mainly in the next section.) Let us now start with definitions of

renormalization constants.

I. Renormalized (pseudo)scalar masses:
The renormalized masses mxof (pseudo)scalars h,H and A are defined genericly by
(14+6Zx)mik g = m% + om% (31)
where the renormalisation constants (coming from the counterterm Lagrangian) correspond
to the counter-graph
X --q-@--q- X ~  i(6Zxq*—om¥) (32)
Next, let us denote the sum of all (relevant) OPI graphs by —illx(q) = Y. —ill%(g). Then
the two-point OPI Green functions can be written in the form
il"g?)(cb —q) = ¢ —m%k —illx(q) +i (6Zxq* — dm%) + higher order (33)

We adopt the so-called on-shell renormalisation scheme in which all the external momenta
(¢’s) are evaluated on the mass-shell i.e. ¢*> = m% where m% denotes the square of the mass
of the considered particle. In this scheme we use the following renormalisation conditions

) aryy 2 2
Iy (¢,—¢) =0 92 (¢—q)=1 at ¢ =mx (34)
This particular choice implies
0Zx = 0+ higher order ; ém% = —Ix (¢° = m%) + higher order (35)



The physical mass myx can then be expressed (using (31) and (35)) as

m% =m%yx + lx(¢®> = m%) + higher order (36)

II. Renormalized Z-boson mass:
Let us denote the sum of all the (Z) 'vacuum polarisation graphs’ by —ill%,”(¢). This

quantity renormalizes the Z-boson mass to a new value (see [16],[2])
2 2 A (2 — 2 .
my =myp z(g¢® = m7) + higher order (37)
(we have again used the on-shell conditions) where Az (q?) is defined by
% (¢*) = Az(q*)g"" + Bz(q*)d"q"

(i.e. corresponds to the coefficient of the transverse part of IT%”). Having defined renor-

malised quantities we can recast the relation (30) in the renormalised form
mi 4+ m% —m?% —m% = A + higher order (38)

where
A =T, (q* = mj) + My (¢° = m¥y) —a(q? = m%) + Az(q° = my) (39)

This is the main relation of this section. In the following section we are going to evaluate

I, Iy, II4 and Az in the one-loop approximation.

2.2 Compensation of ultraviolet divergences

The topic of this subsection is to show the explicit total compensation of UV divergences in
renormalisation of the tree-level relation m? +m?% = m? + m%. The only quantities that
we are going to work with now are the ultraviolet divergent parts of the graphs evaluated
in Appendix C. We will denote them Cyy [IIAZ]. (The sub- and superscripts have the same
(and perhaps intuitive) meaning as in the Appendix.)

The whole calculation is performed in the unitary gauge which causes absence of the
Goldstone boson in the theory. (Renormalisation of the MSSM Higgs sector with unphysical
Goldstone bosons in other gauges can be found for instance in [4].) There will be a special
section devoted to the neutral MSSM Goldstone boson in the next chapter. A summation
over the quark colours is omitted because it contributes only by an overall factor N, = 3
which is not important now but will be necessary later to obtain the correct expression for
the finite part.

2.2.1 UV divergences in graphs involving t-loops

Let us start with the divergences descending from the graphs involving one top-quark loop.
At the beginning we use results (283), (285) and (287) to compute the total contribution of
the first three graphs of the subgroup (C.1):

2

2
C.o [T + Htt_C'Htt:%
]+ Cun ] = O] = o

2 2 2
X [coszoz <3mf — W;) + sina (3m§ — m2H> + cos?3 (—mf + W;“‘)} =

(40)



2,2

_ g m;

B 2,12 oin2
1672myy,sin”

Next, the tadpoles (298) and (302) give

2

1 .
3m? — m?cos’B + 3 (—micos a —misin®a + mi‘coszﬁ)

ht Ht ngf
—Cyy [HA] — Cyy [HA ] = - (41)
1672m3,

This term together with the factor proportional to mZcos?3 in (40) partially compensates
the factor 3m? above.
Let us now write down the divergence coming from the graph (288), which will allow us

to compensate another part of (40):

2,2 2
ty_ 9 Mz mi 2 9o 2y| _
Corl A2 = Toammy, |72 T2 Y] =
201720092 2, .4
=g MMz, 9Tz (x24y?) (42)

3272m2, | 24m2m?,
Now we collect the three parts (40), (41) and (42) and obtain the total divergence from the

graphs involving one top-quark loop:

Ct¢ = Cov[IT}] + Coy [ITF] — Cov [TT4] — Cuy [IT%] — Cow [II4*] + Coy[A%] =

2,4 2,2, 2 2,4
g my _gmymy g mz

— X% 4+Yy? 4
8m2mi,sin?f  16m2m3,  24wimi, (X7+Y7) (43)

Here ve have used the previously derived relation (29).

2.2.2 UV divergences in graphs with one s-top loop

The amount of graphs to be covered in this subsection is much larger than in the previous
part and also the computations are longer so we will divide this subsection into several
paragraphs corresponding to the hierarchy of the Appendix (C.2).

I. Graphs dependent on external momenta involving h, H and A
The main property of the contributions investigated in (C.2) is the fact that the total
divergence coming from the graphs (310) - (322) is the sum of squares of the couplings

W = O [IThh] 4 Coy [ITE2P] + Oy [IT

+  Cuy[IT3"] + Cuy[TT27] + Cyy I
L
1672

]+ (44)
52] - CUV[H%EZ] =

msx ;*:H

2 2 2 2 2 2 2
(ght]fl * ity + 290008, T Iutst, T Imint, T 29m5,0, T 29,45152)

(Note that the + sign of the 912451 7 factor comes from antisymmetry of the vertex.) Although
the structure of the couplings above is very complicated, the final result is not so ugly; we

are going to discuss it by parts:

4

I.a. Terms proportional to m;: Such terms come only from the squares of g7, 7, :917,7,9 11, 7,

and ggy,7, and it is trivial to sum them up with the result

g'm (45)
8m2m2,sin’f
w

10



I.b. Terms containing squares of A;mg and p: Here we have to sum up contributions

from all the couplings above with the result:

2,2
g my : 2 . 2
——————[—(Aymgeosa — usina )* — (Aymgsina + pcosa ) +
32772m%/vsin26 [=(Ame s ) (Arme . )
+(A _psing) = ——9 (st 2 16
ymgeosf — psing )?] = 5 5 (Aimesing + pcosf3) (46)
32m2mg,sin” 3

(Performing our computation in Re-gauges we would obtain zero because of presence of the

Goldstone boson contribution.)

I.c. Terms containing squares of X and Y: The contributions of this type arise again

from the first six terms only. The result has the form

2, 2
_%[(XCOS% + Ysin?6; )? 4 (Xsin?0; + Ycos?6; )* +
+2(—Xsin?6; cos?0; + Ycos?0; sin?6; )?] = —ﬂ@@ +Y?) (47)
¢ ¢ t ¢ 1672cos20y,

I.d. Mixed terms proportional to m;mz: These terms are combinations of the first and
third parts of the couplings (238)-(245). Fortunately they cancel one another; for example
the part proportional to (A;mgcosa — usina) (coming from the couplings including h only):

92mtm22

1672m2, sing (A¢mecosa — psina ) sin(a + ) x
W

X [sin29t (Xcos?6; + Ysin?0, — Xsin?6, — Ycos?6, )+
+2c0820; (—Xsinb; cosh; + YVsind, cosby )] =0 (48)

In a similar way we can show the same property of the terms involving (A;mgsina + pcosa)
coming from the graphs with H.

3
Le. Mixed terms proportional to ;:
of couplings (238)-(243).

These terms give zero because of the structure

I.f. Mixed terms proportional to m?: The total contribution is a mixture of the first

and second terms of couplings (238)-(243)

2

2 2,.2,2
g mimz _ gmymy

{(X 4+ Y)[cosasin(a + 3) — sinacos(a + G)]} (49)

: = 2
8m2myycosb, sin3 16m2my,

Here we have used relations X +Y = % and myy = mycosOyy .

Now we are ready to collect all the partial results (45),(46),(47) and (49) to write down

the total divergence

2,4 2,2
g my g my

CeeV = — — Aymesing + pcosf )+
st 8772m%,vsin2ﬂ 327r2m12/Vsin25 (Asmesing + pcos)
i, g

— X2 4+Yv? 50
1672m3, 16772m%,v( +Y7) (50)
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I1. Self energy graphs dependent on external momenta for Z-boson: There are
three such graphs in the Appendix C - (327), (329) and (331). The divergent part of their
total contribution is

Cae® = Cor[AG] + Oy [AF™] + Cuv A7) = (51)
2,4
489% {(—Xcos29t + Ysin?6, )2 + (—Xsin®0; + Ycos®6, )2 +
w2m3,

+2 (Xsinb; cosb; + Y'siné; cosb, )2} —

gimymi ) a2 . . >
—72[(—Xcos 0; + Ysin Gt) + (Xsinb; cost; + Ysinb; cosf; )*]—
8m2m3,
2,2, 2
g*m?7m?
—#[(—Xsinzet + Ycos26, )2 + (Xsin#; cosb; + Ysinb; cosb; )2]
8n2myi,

which can be easily simplified to the form

2.4
C(Q):&X2 Y2)— 59
st 487r2mgv( +Y7) (52)
g?m2
—3.7 z [mtg1 (X?cos®0; + Y?sin?6; ) +mt22 (X?sin®0; + YZcos®0; )]
m2m3,

ITI. UV divergences in tadpole graphs involving super-tops:
Performing our computation in the unitary gauge we have to involve four tadpole graphs
(332)-(338). The sum of divergent parts of these graphs will be denoted by Cg® i.e.

Cet® = —Coy[I1] — Con [IT2] — Coy [T ] — Cy [T 2] (53)

(Note that the minus sign is caused by the fact that the mass m? occurs in the right-hand

side of the renormalized relation.) Let us again divide the total contribution into several
parts:

ITT.a. Terms proportional to mt2

P Summing up divergences of the tadpoles with #;-loop

gives
2, 2
- - g ms
hi Hi i
—Cyy [Hflll] — Cuy [HA = 327r2mlw

2 2

X { [mzsin(a +5) (XCOSQGt + Ysin29t) — M—
mw myysin(

my

~mrsing (Aymgcosa — psina) sin29t] sin(a — B) +

2 24
+ {mzcos(a + B) (Xcos?0; + Ysin®6, ) + m
mw myysin

M/Zlistinﬁ (Aymgsina + pcosar) sin29t] cos(a — ) } =

2,,2 2,72,1,2

2
g -mymsz g mims
= 2 h (Xcoszﬁt + Ysin26, ) cos23 + th

= + (54)
32m2mi,

32m2mi,

2 2
g-mymg

64nZm?, sinf (Aymesing + pcosf3) sin26;

12



ITI.b. Terms proportional to mi: Similarly we can obtain the result for the tadpole
graphs with one ty-loop:
h{g H{Q —
—Cu[IT?] = Cuy[IT 2] =

2,12 02 2m2m2

g myms ) gPmim?
— SZTmz; (X51n29t + Ycos?6, ) cos2( + M_ (55)
'{]QTTLtTTLtg
_m (Aymgsing + pcosf ) sin26,

Collecting now (54) and (55) and utilising

(m?

;- mi)sinﬂ sin26; = 2my (Aymegsing + pcos) (56)

(for derivation see for example the discussion of the small supertop mixing on page 15)
allows us to conclude

g°mi
32m2m3, sin’ B

2m2
Cst(3) _ g t2 (mtgl +mtgg)+

: 2
N m (Aymgsing + pcosf)” + (57)

2,,2

g mz cos2(3 [mtg1 (XCOSQQt + Ysin26, ) + mtg2 (Xsin29t + Ycos26, )]

+7
32m2mi,

IV. UV divergences in the seagull graphs containing super-top loops
The total divergence arising from the seagulls (345) - (353) is defined by

Cat™ = Coy [T + Coy [T12] + Oy [TT2] + Coy [T12]—

—Cuv [Hi] — Cuy [H%] + Cuy [Ale] + Cuy [Afzz} (58)

Let us first deal with the graphs involving Higgs bosons h, H and A (not G because of the
gauge fixing).

IV.a. Divergences in the seagull graphs with h, H and A: The structure of diver-
gences of these graphs is simply proportional to the quartic couplings so it is easy to sum
up all the contributing terms. From (345)-(351) we obtain

2,2
i i i fa7 g my 2 2
Cov[I] + Cov[I}?] + Cuv [IT] + Cov[7] = m(m& +mg,) (59)
and
i iy ngf 2 2 2
—Cuw[IT}] = Coy[IT3] = mtan B (mg, +mg,)— (60)
g2m?
fﬁcosﬂﬁ [mtgl (Xc0529t + Ysinzét) + mi (Xsin29t + Ycos?6, )]
w

IV.b. Divergences in the seagull graphs with Z: There are two contributions from
(352) and (353) in the form
Cuv[AZ] + Cov[AZ] =

2,2 . .
— Sfr?m%/ {mtgl (XZcos®0; +Y?sin®0; ) +m? (Xsin’0; + Y?cos®6; )} (61)

13



We can collect now the results (59),(60) and (61) to obtain the complete ultraviolet diver-

gence coming from the seagull sector:

1 ngf
3272 mi,

Cull = (42 )-

2,2

—329%(30825 [mtgl (Xcos29t + Ysin29t) + mi (Xsin29t + Ycos?6, )] +
T2my,

2,12 . '
+8g7r27MZ§V [ma (XQCOSQHt + Y2%sin®0, ) + mtg2 (Xzsmzﬁt + Y?cos?0; )] (62)

2.2.3 Compensation mechanism

Having extracted all the divergences in the previous section it is now easy to see that the
sum of them is zero. The first two terms in Cy (43) cancel with the first and the third terms
of Cst Y (50). The last term of Cy is removed by the last in Cgt") together with the first in
Cyt? (52). The second term in Cs:V is subtracted by the second term in Cy® (57).The
last term in Cst(2) is removed by the last term of Cst(4) (62). Finally the first and the third
terms of Cst(g) cancel with the rest of Cst(4). This can be written in the form

Ci+ Cat™W 4+ Cot® + Ct® + Ct™ =0 (63)

The structure of the compensation mechanism is clearly gauge-dependent. For example
in R¢-gauges there are more diagrams to be investigated but the mechanism of divergence

compensation is less complicated. Including graphs with the Goldstone bosons would cause:
e total compensation of the tadpole graphs (not only divergences)

e more transparent compensation of divergences in the seagull sector

2.3 Finite part

In this section we are going to investigate the finite parts of diagrams discussed in the
previous section. Having proven the full cancellation of divergences coming from those
graphs we are ready to demonstrate the overall regularisation constant independence of the

finite part although it is very hard to see it from the (very long) sum of relevant expressions.

2.3.1 Regularisation constant independence

The proof of the previous statement is nothing but recalling the structure of expressions
obtained performing dimensional regularisation procedure (see Appendix A). For any con-

sidered integral we have got an expression of the general form

Int. — stg. (432) I'(n—c¢) (64)

(The term stg. denotes some overall constant or expression which does not affect the struc-
ture in the brackets) This is expanded in the form (using (175) and (177))

Int. < stg. {1 —eln ( ) + 0(52)] (_nll)n [i + 1 (n+1) + O(e) (65)

4mp?
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and such expression is simplified to the final result (neglecting the factor O(g) in the limit
e — 0). Assuming that all the mass parameters in the expansion above are expressed in
terms of some fixed mass unit M, we can divide the logarithm (its argumend is now supposed
to be dimensionless) into two pieces and recast the previous relation in the form

(=D"

n!

Int. ~ stg. [Cov+Inp® + 1 (n+ 1) + v — In D] (66)

Then we couple the factor In u? to the divergence symbol Cyy and define a new C?.,, which
is removed from the total correction A in the same way as the original Cy,. This proves the

regularisation parameter independence of the finite part of A.

2.3.2 Computation of the leading term

As was stated before we can fix the particular value of the regularisation parameter pu; let
us take =1 (in chosen mass units). Inspecting the finite parts of diagrams calculated in
Appendix C we can catalogize them into several groups with different overall mass factors.

Although it seems that the most important should be the terms proportional to the squares
2 2
1 to
case of significant mixing in the squark sector. If none or only a negligible mixing in the

of the supertop masses m? and m# it will be shown that this is true only in the special

4
supertop sector occurs it turns out that the most important term is proportional to %
zZ

In the whole discussion we are going to use several assumptions:

e The masses of squarks and the top mass are much bigger than the other masses involved

in the computation - mg, ,mg,, my > mw,ma, mpy, mp)

e The off-diagonal entries in the f;, — £z mass-matrix are not too large i.e. there is no
significant mixing in the supertop sector. This condition can be translated into the

mathematical form Aymg, pucot5 < my.

To see this connection explicitly, let us recall the form of the supertop mass-squared matrix

M§<AB> (67)
B C

(see for example [4]):

where
A = MZ+mpeos28X +m;
B = my(Aimg + ucotf)
C = M?+m%cos28Y +m?

(the matrix entries come from the superpotential and Lg, see page 69). The condition
of small mixing is evidently equivalent to the negligibility of the non-diagonal entries, i.e.
B <« A,C. To be more precise, the problem of eigenvalues is the same (and the notation
t00) as in the exercise (15) - (17) from the first chapter. The mixing angle 6; can be obtained

from
2B 2B

A-0)2+aB2 (M)

sin260;, = (68)
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where A; o are the eigenvalues of (67); here we have used relations (26) and (15). These
eigenvalues are interpreted as the (tree-level) squared masses of the supertops, so we can

write 9my (A n 08)
myg (Agme +— HCO
53 (69)

ty 23

sin26; =
m

which is quite useful, see for example (56).

None of the conditions above is fully experimentally founded but we use them only to show
that up to now there exist at least a corner in the parametrical space for which a large
one-loop correction in the Higgs sector can occur. It is believed that this is indeed true in
a slightly bigger domain than only in several special cases.

The first condition is relevant for (almost) the whole (experimentaly admitable) area of
the MSSM parametrical space with the only exception when my4 is very massive. But the
mass ma often appears together with the factor cos@, which suppresses its eventual big
value very well; note that we work mostly in the § — 7 regime. The second condition
is more speculative but this seems to be true for all the squarks species except possibly

supertop (see [4]).

Let us start with the explicit computation of the leading correction to the tree-level
MSSM relation m3 + m% = m% + m%. It will be performed in the unitary gauge (to
reduce the number of relevant diagrams). We start with the possibly most important terms
proportional to the mass parameters of the maximal magnitude and continue with the other
less and less important. This procedure will be cut on the level of terms proportional to m%
and smaller because of the assumptions my, mz ,mz, > mz. (In [15] the recent values of
my, my and mz are my = 180+ 12 GeV, my = 80.33+0.15 GeV and mz = 91.1874+0.007
GeV so m¢/m2, > m%.)

I. Terms proportional to mtg1 and mti:

Terms of this type come generally from graphs with one supertop loop and in this paragraph
we focus our attention mostly on them. We are going to use many result of the supplementary
section 3, because a lot of computations performed in detail there can be utilised here because

of the coupling relations

ghaa + gnaa =0

9gHAA T 9HGG =0 (70)

Innist, T 9mELG — 9aanE, — 96GEE T Inhiziy, T IHHLE, — 9AALE, — 9GGET, = U
Let us denote by F[II] (with appropriate indices) the finite parts of all the investigated

graphs. The sum of all contrinutions that are proportional to squares of supertop masses is
then

Fii, = FlAZ"+ FIAZ"] + FlA"] +
TR + FITE = FII + FAL] +
F[Hhtz] + F[I2) — FIIRE) + FlAL?) +
. i



+F[I) + FIg) — FIY™) + FlAZ"™) +
+PI] + FIG] - P
+F[IR] + FIG] — FIOR] + FIAZ]+ (71)
Note that we do not involve graphs (310)-(323) because they are not explicitly m? dependent;

they will be included in the next paragraph. From relations (280) we can remove all the
tadpole diagrams contributing to the h,H and Z propagators:

FIID) + FIIE + FIALD
FII) + PG + FAY)
FII™) + FIIgh) + FlASD
FI] + FIE™) + FlAS")

z
ta
z

0
= 0
0
0

Moreover, the tadpole contributions to the propagator of A can be easily obtained from
those computed for the Goldstone boson in chapter 3; using (70) we get

1

FIi) = —F[h]
FlI?] = —F[ie]
Fli) = —Fh
Flilf) = —FIe]

A similar situation occurs for the seagull graphs. Using the last relation in (70) we get
FIIL] + F[O%] — FIOG] 4+ FII2] + F[IE] — FO%] = F[O2] + FIG]
The previous results allow us to simplify (71) to the form

Fr;, = F[ADD] 4 FlA%R) ¢ FIAY") 4 FlAD] + F[AZ] + (72)
+F[IY] 4 FIOY?] + FIOA"] + FIAR] + FIY) + FITS)

As we can see from the relation (103) which contains the last six terms, (72) can be rewritten

in the form
Fr;, = F[ADD]+ FlA%") + FIAY") 4 F[AY] + F[AZ] - FlIG%) (73)

Now we use the results of the explicit diagrammatic computation in Appendix C to obtain

Fy;, = m {2 (X200529t + Y2sin?0, ) mtg1 (1 —1In mtgl) +

+2 (X%sin?0, +¥2cos0; ) m?, (1 - mm?, ) -
2 1 o .

— (—Xcos®0; + Ysin20t)2 [2mt21 — %f / dzDiY (z) In DALY (:c)} —
m2 ’ 1 o

— (—Xsin®6, +Y(30520t)2 {2771%2 - TZfQ/O dz D2 (z) In D{2% (z)} -

—2 (Xsinb; cosb; + Ysin; cosb; )2 X
m2 1 o o
X [m% + mi - ?Z -2 ; dazD}\"(z) In D!t (a:)] } —
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392mf

1 .
——— (A ing + 2/d In D12 74
32n2n?, sin? (Asmesing + pcos) ; xln Dy (z) (74)

(Here we have performed the summation over the quark colours which produces an overall

factor N. = 3.) Now it can be easily checked that the factors proportional to mtg and m?2

1 to
cancel (of course, there still remains a strong dependence on them in the functions D(z)):
Note first that the last term does not explicitly contain any overall factor of order mtg and
we will see that it can be neglected because it is much smaller (due to the presence of

the off-diagonal terms A;mg and p which are assumed to be negligible, see assumptions on

previous pages) compared to the term proportional to Wn;i which is discussed in the next
paragraph. Similarly the factor coming from m?% terms.

Let us now discuss the rest of (74). The assumption of small mixing in the supertop
sector (i.e. 0, = 0) allows us to put sinf; ~ 0 and cosf; ~ 1. This practically removes the
term in the sixth line of (74). The sum of the remaining terms proportional to m;, is also

very small because of the relation

Di;il () = m%1 —m%a(l — ) (75)
which implies
i 2 my 2 My my
D, (z) =lnm; +1n |1- > z(l—2)| =lnm; — 2 z(l—z)+0O " (76)
t1 t1 t1

Similar discussion holds in the same way for the terms with mg, .
Now it is already easy to see that the terms proportional to m% In mtg exactly cancel and
the remaining terms are (at least) of order m% and therefore can be neglected too. We can

now make an important conclusion:

e In the case of the small mixing in the supertop sector there is no large contribution to
the tree-level relation m? + m3, = m?% + m% of order mtg1 (or mtgg) coming from the
diagrams with one supertop loop.

If any significant stop mixing occurs the investigated diagrams might produce a large neg-
ative contribution (see [4]). Note again, that we are looking for the situation of a large
possitive correction (to allow the lightest Higgs boson to be out of the directly observable
area) and that is why we omit discussions of such phenomena - these terms simply cannot

solve our problem.

I1. Terms proportional to m?:
We have seen in the previous paragraph that the contribution proportional to the square of

the largest used mass scale m; is (atleast in the case of a small mixing in the stop sector)

4
negligible compared to the factor :;2‘ . The terms producing contribution proportional to
w

this scale descent from two sources:
e all the diagrams involving top quark loop are proportional to m?

e there is a large number of graphs with one stop loop belonging to this group because
of m; factor in the relevant couplings (g,7,-..); for example the logarithmicly divergent
graphs (i.e. these with the superficial degree of divergence equal to 0) involving one
supertop loop. Note that the mass of the "looping particle” in such graphs is not

18



factorized out during the regularisation procedure so the only mass dependence comes

from the trilinear coupling constant.

4

First we are going to deal with the terms proportional to ;n"; only; they should (having
w

thrown away the mtg dependence) make up the largest contribution to A. After that we will

discuss in few words the nonaccuracy of such a leading term approximation.

w
As in the previous paragraphs we first inspect the huge set of diagrams of Appendix C

(their finite parts) for any terms proportional to T:L; . They can be found in diagrams
(282),(284),(286),(288), (298),(302) (graphs involving top loops), (310),(312),(316) and (318)
(diagrams with supertop loops).

Let us write down the relevant expressions (denoted by F[II]; to express the fact that
we extract only the most important part of F[II]) coming from these diagrams; their sum
will be denoted by Ay:

Ay = FIIY, + PG, — Y], — IO, — FIUYs + FIAY]4+ (77)
P s+ FI]y o+ TG+ PTG

First we deal with the diagrams involving one top-quark loop; evaluating all the external

momenta on-shell we obtain
3g°m?2cos®a m? 1
A= 7 m2— —h —|—/dxlnDtt 2) [—-3m? + 3m?z(l — +
* T 16m2m,sin L6 0 o (7) [=3m; n( )]

32 2512 2
Fiomnady { (78 )+ [ o) o andyt ]
w

3g*micos®s { < 2 m,24> / tt }
+—— = (mi - == dzln D m; — 3mia(l —z)] ¢+
16m2m3,sin?3 b6 0 ma @) | 4
3g°m ' mi 2 [ 2 2)
3g*mg 2
_7167r2m%,[, (1—Inmj) (78)
(The origin of the first four lines can be guessed from the indices of D functions, the last
term comes from the tadpole graphs (298),(302).) Let us investigate this expression more

precisely:

e the term in the fourth line can be neglected because its first part is of order m? and
the rest even of m% so it is (with error level about 10%) negligible compared to the
others

e the terms in brackets proportional to the scalar masses that are unknown and maybe

large (in the case of m?%) can be recast using the relation
micos’a +m¥isin®a —m?cos’f = m%sin?p

which reduces them to some negligible factor
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e the terms in integrands proportional to the scalar mases can also be removed, because
the two light scalars h and H are expected to have masses at the my scale and the
m? is suppressed by the overall factor cos?3 for 3 close to 5 (which is the only

experimentally acceptable domain of this parameter)
e the terms m? standing alone in the brackets exactly cancel

The only important factors (for our purposes) in A are then:

Afl " 392m?

1 1
g2 tt g2 tt
~ o2, s { 3cos’a /0 dzIn Dy, (z) — 3sin“a / dzln Dy, (x)+

0

1
+ cos?3 / dzIn D (z)+sin®8 In m?} (79)
0

The second line of (77) i.e. the contribution of diagrams involving stop loop (denoted by
AY) can be written in the form

gm?2cosa B

mysing

; 3 m . .
Al = 1672 { Lgsﬂif sin(a + ) (XCOS29t + Ys1n20t) -

1

7% (Aymecosa — psina )] 2 /0 dzIn Dfﬁ,il (z)+
+ [Cg:;fv sin(a + 3) (Xsin29t + Ycoszﬂt) — m (80)
% (Aymgeosa — psina )] i /Oldx In foli? (z)+
+ {— Ci:;fv cos(a+ B) (Xcos®0, + Ysin®6, ) — m— (81)
_% (Aymgsina + pcosa )] : /Oldx In Dili} (x)+
+ { Cg:;fv cos(a + 3) (XsinQGt + Yc0s2t9t) — m (82)
% (Aymgsina + pcosa )] i /Oldx In Df,ifj (x)}

We have again several reasons to omit a lot of terms above:

e the only part relevant to further computation is in fact the sum of squares of the terms
2
am
mwsitnﬁ

proportional to

e the other terms are negligible because they contain the off-diagonal terms of the su-
pertop mass squared matrix (A;me and ), that are assumed to be small compared to

the m; scale, or factors proportional to mz.
The only remaining factors are the following;:
7 3g°m? { ! 77 ! P
Al —= —t _ Jecos’a /dxlnDtlt1 x —|—/d9€hﬂtht2 x)| +
47 1672m3, sin? 8 0 ' (@) 0 (@)

1 o 1 o
+ sina [/0 dzInDlY (z) + /0 dzln D}2"2 (a:)}} (83)
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Inspecting the remaining diagrams of Appendix C we can state that there is no other pos-

4
my
miy

sibility to obtain any contribution of order so the set of diagrams considered up to now
is complete in this sense. Knowing this we are ready to conclude our long computation; to
obtain the final result we must sum up the main contributions (79) and (83). It is convenient

to express it in a more elegant way. To do this we utilise the relation

2 2
InDXX(z) =InM% +1n |1 - %x(l —2)| ~InM% — %x(l — ) (84)
X X

which is valid for some mass scale Mx high enough to suppress the other masses like mz,

2
mp, myg and m 4 generally denoted by m. (To be more precise the term proportional to 7:;—?
could be large but as in the previous case it is suppressed by cos?3). Using the logarithmic

part only we can write down the final approximate form of the leading term:

Ar= AL+ AL~ Lm;‘Q {—21nmt2 +1Inm?2 +Inm? } =
167m2m3, sin” 8 t b2
2,2
I A RN (85)
1672m3, sin®j3 mé

This is the main result of the whole computation. It tells that the original tree-level relation

(30) can be recast, when including the leading logarithmic one-loop corrections, in the form

2, .4 mg mg
m +m = mS, + m} + 16?551%:;;12 5l ( h ) (36)
This relation agree with the results presented in the literature ([4], [8]).
Note that the relative error of the approximations used to derive the previous relation
does not exceed values about 10%. It comes mainly from the fact that we have completely
neglected all the terms of order m? and lower. Next, the form of the leading term (85) is

invalid in case that any significant mixing in the stop sector occurs.
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3 One-loop self-energy of the MSSM neutral Goldstone

boson

The topic of this section is to show the total cancellation of the MSSM neutral Goldstone
boson self-energy graphs with one quark or squark loop, i.e. both its divergences and the
finite parts. Although this is expected to be true there is, up to my knowledge, no explicit
one-loop diagrammatic calculation in the literature so this work should fill the existing gap.

I restrict myself on the top-quark (and squark) sector only because the generalisation to
other flavours is straightforward and can be obtained from the results for tops and supertops.
Moreover the diagrams involving Higgs bosons used for the previous purposes are practically
identical with the diagrams relevant to this problem. We omit completely the other sectors
(lepton, gaugino and higgsino) of the model. The reason is simply the fact that we have
already evaluated all the necessary Feynman diagrams in the Appendix C so it is convenient

to use them also in this supplementary section.

Let us start with the computation. Recall that there are 20 diagrams to be considered
in general - all the diagrams in Appendix C containing Goldstone boson G. Not to expand
this section too much we are going to use several results from the previous sections, mainly
the expressions for divergences of the graphs containing A because of the relations (280),
which help us for example in the cases of the tadpole graphs.

3.1 UV divergent part of the Goldstone boson self-energy

The total sum of divergences descending from the graphs including neutral Goldstone boson
G will be defined by

Cg = Cuy[Ig] + Cov[IE] + Cov [T + Cuv [Hfégzl + Cuv [H}éfl] + Cuv [H’clfz]+

FCTIE™] + Coy [IE] + CunlTIE] + Con (11 (87)
I. Divergences coming from the tadpole graphs
Let us start with the divergences coming from the tadpole graphs. Up to the minus sign

coming from (280) they are identical with the divergences calculated in subsections (2.2.1)

and (2.2.2) so we can write them down immediately.

I.a. Tadpoles involving t-loop: Using relations (41) and (280) we get

ht Ht g*my
Cov[IIg] + Cu [l ] = " Tomem?, (88)
I.b. Tadpoles involving st-loop: In the same way from (57) and (280) follows
Cov[IT41] 4 Coy [TT2] + Co [MEH] + Cpy [T ] =
2,2 2,2
_ 9y 2 2 g my . 2
= m(mfl +mg,) + W (Aymesin + pcosfB)” + (89)
g*m% 2 2 2 2 2 2
+mcos2ﬁ [mt~1 (Xcos 0; + Ysin Qt) +mg, (Xsin 0; + Ycos Gt)]
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II. Seagull graphs: The relation (262) allows us to use again the already computed
quantities (59) and (60) to conclude

i i g'mi oo
CorHg] + ConlHg) = = g5 g (mf, )~ (90)
gQ
7m6082ﬂ |:'n'ltg1 (XCOS29t + YSinQGt) + mi (XSiHQQt + YCOSzot ):|

ITI. Graphs dependent on external momenta: The last two graphs with the neutral
Goldstone boson are (296) and (324). In the on-shell scheme the external momenta of the
Goldstone boson are evaluated in the point ¢g?> = 0 so the contribution coming from these
graphs is

O[] + Co I = ST 08y ing 4opcoss)? (91)
16m2m3,  32w2m3,sin’f

We are now ready to sum up all the divergences (89),(90) and (91) and conclude
Ce =0 (92)

i.e. the ultraviolet divergences of the Goldstone boson self-energy graphs exactly cancel.

3.2 Finite parts

Having shown the total compensation of divergences in the Goldstone two-point OPI Green
function we can state that the finite part of this function does not depend on the regulari-
sation parameter p and simplify it by fixing g = 1 (mass unit). As in the previous sections
we are going to denote the finite part of the regularized expression corresponding to some
Feynman graph by F[II&Y]. We will sum up all the contributions computed in the Appendix
C to obtain Fg, which is defined by

Fg = FIIY] + FIIY] + FIZY 4+ FI2%] 4+ FIOM) + FI42)+
+FMIEN] 4+ FIER) 4+ P2 + FIZ] (93)
Let us start with

I. Diagrams containing top quark loop: The total contribution proportional to m?

cancels in the same way as the corresponding divergences in (3.1), because the only difference

between the divergent and the finite parts is the presence of the overall factor
1
1- / dzDl(z) =1 — Inm? (94)
0

in F[] instead of Cyy in Cyy[.] so

FO%] + FIIY] + F[IEY =0 (95)
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I1. Diagrams containing supertop loop: Here the situation is not so clear as in the
previous case. The reason is that it is not generally possible to extract any common overall
factor from the considered diagrams and use the same argument as above, because F [H%t}]
is proportional to foldacDglt~2 (x). Fortunately it is the only problem here; a lot of factors get
compensated in the usual way in full correspondence with the compensation of divergences.

For example the terms

2

F[Hé] = 7327:;7m%vmt21 [mi + mycos28 (Xcos?0; + Y'sin?6), )] (1 - lnmtgl) (96)
2
f2] _ 9 2 ;2 2 2
FIIZ] = —mmi [m} + m%cos28 (Xsin*6, + Ycos®6, )] (1 = lnmt~2) (97)

coming from the seagull graphs (59) and (60) are compensated almost completely by the
factors coming from the tadpole sector

g?m,sin 26,

W (Atmﬁsinﬂ + ,uCOSﬂ) + (98)

2
mfl

PN+ P =

2

?Q;]T%Vm% [m? +m%cos2B (Xcos®0; + Ysin®0, )]} (1 —1In mtgl)

and
g%m;sin26, 9

_Wmt2 (Asmgsing + pcosf) + (99)

PN+ PG = {
2
32%7”%2 [mf + m%cos?ﬂ (Xsin20t + Ycos?6, )]} (1 —In mi)
Tmyy,

The remaining part proportional to (A;mgsing + pcosf )2 must be somehow removed by

the problematic term

. 2, 2
g my

_ 1 _
Flite) = — 2 " (A,mgsinf + 2/d In Dirt2 100
[T 327T2m‘2/vsin2ﬁ (Agmesing + pcosf ) ) zIn Dy (z) (100)

But it is so because DF’(z) = m? x +m? (1 — z) and the integral can be handled by

substituting y = mtg2 + (mtg2 - mtgz)os and using a partial integration
1 1 mg
2 2 1
/ dzlnfm; z +m; (1 -2)] = —5— / dylny = (101)
0 mi; — My Jm?2
1 2 is
— 1 1 mi_ 1 2 (lnm2 —1 2 (lnm?2 —1
e — [y ny—y]m? = |, (lInmy, —1) —mg, (lnmg, —
11 to 2 ty ta

Using this and (56) we can rewrite (100) into the form

P 2msin26
FlIit] = L s Aymgsing + ucosf) X
M) 647r2m%/vsin26 (Asmesing + pcosf3)
X {mtgl (hlmtg1 - 1) - mti (lnmtgz - 1)} (102)

It is easy to see that this expression exactly cancels the remaining terms from (98) and (99).

We can then conclude

FIIL%] 4+ FI] + FIIAR] + FOED] + FOE%] + FOL] + FIZ] =0 (103)
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which implies

Fe=0 (104)
It means that (the quark and superquark parts of) the one-loop selfenergy of the neutral
Goldstone scalar within the MSSM is zero, as was expected. To make this section more

useful and self-contained it would be nice to compute the full MSSM neutral Goldstone

boson one-loop two-particle OPI Green function which is out of the scope of this work.
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4 Renormalisation group approach

In this chapter we investigate the (lightest) MSSM Higgs boson mass using the RGE tech-
niques. This mass is shown to be proportional to the corresponding Higgs quartic self-
coupling A similarly as in the GWS model. The following subsection describes how to
obtain GWS model as an effective limit of MSSM in region 3 — 7 (note that this is the
only possibility to obtain the renormalized mpy significantly above mz), which simplifies

computation performed in the next part of this chapter.

4.1 GWS model as an effective 3 — 7 theory

First thing to be stated is the fact, that in the § — 7 limit the neutral pseudoscalar
A decouples from the theory; it is because its mass is proportional to % which becomes
infinite (see (13)). This means, that the bound (23) is saturated so m, — mz in such a
case. Relation (21) then implies decoupling of H. Moreover, from the relation (26) we see
that 8 — 7 gives a — 0. These relations affect the effective structure of the Higgs sector. If
we diagonalized the whole Higgs sector in chapter 1, we would obtain the following relation
between the original doublets H; and Hs and their physical content, i.e. h,H,A H* G° and
G*:

71 1. . O . .
o — V2 (v + Hcosa - hsina + iGcos3 + iAsinf ) (105)
H=sinf8 + G~ cosp
HtcosB — Gsi
Hy = -1 cosP S.mﬁ . (106)
V2 " (va + Hsina + heosa — iG%sinf3 + iAcos3)

s

Putting now § = % and a = 0, the doublet Hy becomes

_Gt
= ( V2 (vg + b —iGP) > (107)

which is (up to a minus sign of Goldstones) the same as in the GWS model in formulation
[2], which we utilise in the next section. (Note that this difference does not affect the scheme
used below, because the total number of Goldstones in vertices of all the considered diagrams
is even.) Moreover, the interactions with the other non-SUSY fields have also the same form.
In the effective low-energy approximation (i.e. with all the superheavy fields excluded) the
lightest Higgs boson h can be identified with the usual GWS Higgs.

4.2 Derivation of §-function for the GWS Higgs quartic self-coupling
A

In this section we are going to derive the explicit form of the beta function (35 in the
GWS standard model (using formulation and notation of [2]). This object stands on the
right-hand side of a differential equation for the running coupling constant A, which is (for
our purposes) the most important quantity within the considered renormalisation group
technique (see [2],[16])). To be able to compute 35 we first have to renormalize the Higgs
sector of the theory, i.e. define the renormalisation constants and compute the corresponding
counterterms. It is then straightforward to derive the beta-function out of the results of the

previous step.
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4.2.1 Renormalisation of the GWS Higgs sector

We start with the GWS Higgs boson bare Lagrangian

1
Liias = (Duép) (D"65) = mydpon — Ap(0hén)° (108)
where
Gp
= 109
¢ <\}§(’UB+HB+G%)> (109)
Expanding the expression (108) with the help of (109) we obtain
B 1 1 4
‘EHIG(;S = §B,LH38“HB — TGABHB—F... (110)
The terms denoted by ... are not important now. This bare Lagrangian is then expressed
in the form
EIJ{BIGGS = Lucas + 6 Limcas (111)
where ) L
Linces = éaHH(Q)”H — E)\Ii[4 +... (112)

and the counterterm-Lagrangian
1 1 4
0Lycas = AZH§8HH8“H - 1—65)\H +... (113)
The wave-function renormalization constant is defined by

Hp =\/ZnH (114)

and can be expressed in terms of AZy like Zy = 14+ AZyg. The counterterm 0\ is related
to the bare quantities by
A\pZ3H = A+ 06X (115)

It is usual to factorize A out of A as A = AKy. This allows us to rewrite (115) in the final
form
g = A1+ K\)Z;? (116)

Having computed both the K and AZy we will calculate 35 as a logarithmic derivative of
A from (116) (holding Ap constant)
1))

B85 = M% (117)

(The exact connection between A and A will be defined later.)

4.2.2 Calculation of the renormalisation constants AZy and K

The constants AZy and K play the role of parameters describing the additional interactions
coming from the counterterm-Lagrangian (113) which generates the following Feynman rules

(including symmetry factors corresponding to the permutations of external dashed lines):
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\ 3
] ~ 2K (118)
2N 2
s N
/7 \
H H
H—-q—@--q— H  ~ i(AZyg® —om?) (119)

The term dm? corresponds to the mass renormalisation and is not important for further
discussion so we drop it out.

We shall compute the two- and four-particle OPI-Green functions I'® (¢, —¢) and '™ (q1, g2, g3, q4)-
These quantities should be finite in any renormalisation scheme. All the possible divergences
must be therefore absorbed into the renormalisation constants. We will work in the so-called
minimal subtraction (MS) scheme in which only the divergent parts of relevant Feynman
diagrams are cancelled by the definition of counterterms. (Note that the particular choice
of a renormalisation scheme can not affect the resulting one-loop beta-function and the MS
scheme is chosen for simplicity.)

We are going to compute all the quantities at the one-loop level of the perturbation
theory. The whole calculation will be performed in a general R¢ gauge; we fix this gauge

because:

e The vector boson propagator in ultraviolet region decreases as k% (it is not so in
the unitary gauge) which causes that several one-loop OPI-diagrams involving gauge
bosons are convergent and therefore do not contribute to the counterterm K (in the

unitary gauge they would be highly divergent); examples of such diagrams are
(120)

with (Re¢) superficial degrees of divergence —2 and —1.

e Up to my knowledge there is no explicit discussion of the gauge parameter indepen-
dence of the one-loop 85 function in the literature and it is quite interesting to inspect

it in details

We are now ready to investigate the set of all the divergent one-loop OPI Feynman graphs
contributing to K and AZy. There are six types of relevant diagrams in the first and two

types in the second cathegory

e Diagrams contributing to the pure vertex renormalisation Ky:
NN N !
\
7NN ’ \
/ -~ \ / \
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N 7
N rd
N 4
T oe -
NS (122)
=== /“\ - ~
// \\ - ~
4 N
The lines with arrows in the first type denotes all the fermions of the theory, every
external line describes the Higgs boson, the internal dashed lines correspond to the

Goldstone bosons (in the second diagram also to the Higgses). Any internal wavy line
denotes the gauge bosons W and Z.

e Diagrams contributing to the renormalisation of the wave function Zg:

The first loop again corresponds to all possible fermions and the second contains one
Goldstone and one vector bosons. Note that there are no diagrams with pure vector-
boson loops contributing to AZy because the coupling constant of VV H vertex is
proportional to masses of the vector-bosons so the regularised integral is logarithmi-
cally divergent and its singularity can not contain any external momenta dependent

term. The same holds also for graphs containing the Faddeev-Popov ghosts.

The whole computation will be performed in dimension d = 4 — 2¢ and all the diagrams
above will be regularised by using standard dimensional regularisation procedure. Let us
first recall the relevant interaction Lagrangian in dimension d. Note that the dimensionalities
(in units of mass) of fields in this case are

Pl=5-1 WVl=5-1 [fl=—— (124)

(The ¢, V and f are generic symbols for Higgs and Goldstone bosons, vector bosons and
fermions respectively.) Hence the relevant coupling must be redefined (to keep the dimension

of Lagrangian to be d) to the form

e Yukawa term describing interactions of fermions with the Higgs scalars:

Lg}f = —thffH — E%}f = —usiiszfH (where ﬁf =hu™%) (125)
V2 V2

(the hat is used to express the fact that the coupling h ¢ is dimensionless; note that

the original hy has no longer this nice property and that is why we write down the

Lagrangian in terms of "hatted’ parameters). Similarly for the other couplings.

e Quartic interactions of Higgs and Goldstone bosons:

) = —%)\H“ - %)\GOQHQ - iAG+G—H2 —  (using A= %)

) = —MQE%XH“ - ,ﬂEéXGOQH? - ,ﬁfime—HQ (126)
e Quartic interactions of Higgs and vector bosons:

’Cg}IVV = é(QQ +g’2)ZﬂZ“H2 + %gzwu—WJr#Hz — (9= Pu)

Ly = W0+ 522 H 4 2 W W B (127)
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e Trilinear coupling of Higgs, Goldstone and vector bosons:
1
Loy = gHIGTW, +he)+ imHangOZ“ -

1
Ly = pEHOEGTW, +he) + mi\/mfmiaozu (128)

Now we are in a position to carry out an explicit computation of the relevant diagrams.

I. Vertex renormalisation parameter K

Let us start with the first diagram in (121). Using (125) we can write down

N /// ) .
ddk i4,u25
. Tr/(%)d (B =mp)(§+d2 —mp)(k+ g2+ ds —mp)(k + d2 + ds + da — my)

Here the constant n, = 144 counts all the possible contractions leading to the OPI graphs of
this type and Ny is the colour factor of the considered fermion field, i.e. N., = 3 for quarks
and N, = 1 for leptons. External momenta ¢ ...q4 are denoted clockwise. The integral is
regularised in the appendix A (224). Using this result we can rewrite the last expression in
the form

DR

Chs ~ 6 > Neghpp*
-

fini 1
T6m2e + finite (130)

Next, there are three diagrams of the second type in (121); with the help of (126) we obtain

AN H / N6 ) N6t/
N =l 7 N e=o 7 N =l 7
\ \ 7 \ \ 7 \ \ 7 o b .
/‘\\ ,,\ + /‘\\ ,,\ + /‘\\ ,,\ = Cha + % + 0 (131)
s S==7 N\ s S==7 N\ s S==7 N\
// H \\ // G° \\ // G~ \\
where
A o ik 2
O;\lz = —i— u26& ) ! )
16 2 J 2m)d (k? —m)[(k — q)* — m]
A b qdk 2
C§\2 = —i— /1,26& p) ! )
8 2 J @2m)¢ (k2 — &m3)[(k — q)* — Em7]
N
A n¢ [ d% i2
Cs. = | —i5 | p*== 132
s < 4) W% S e U ek — 0 — ém3y) (132)

It can be easily checked that the numbers of relevant contractions are the following: n% =
24 x 36, n% = 24 x 2 and n¢ = 24. The integrals of the same type as in (132) are regularised
in (187). Extracting only the part proportional to % we can conclude

C§2 ~ 8 167‘(25 —+ ﬁnite
3 ooz 1
b DR 2 2 .
CR2 ~ g A 62z + finite
. 3 gceg @ .
cs, N 1#26 2 Ton2e + finite (133)
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which together gives

9 yiy i
— b _ 2e3y2
Cre = Cffa + O + O = S™ N pp -

The next type of diagrams contributing to the parameter K are the following (the third

type in (121)):
N oz /) Noowo )
\ ’ \ ’
\ y \ y o b
/Q\ + /Q\ = Cg4 + Cg4 (135)
’ \ ’ \
/ \ ’ \
’ Z \ / w \

ng 4e ddk uv po
oM /Wgupgung,z(k)Dg,z(k )

+ finite (134)

where

Q
L8
I
|
|
—~
o
N
_|_
>
<
™)
~—
[E——
V]

b i ~2 ? nlé 4e ddk nv po
Coa = e o H Wgupngg,w(k)Dg,W(k —q) (136)
Here we have denoted by D¢ x (k) the Feynman propagator of the intermediate vector boson
X in the R¢ gauge, namely

g — (1= OkHE" (k? — Em% )"
k% —m% +ie

DY (k) = —i { (137)

Moreover, g is the sum of the external momenta incoming to the left vertex. The numbers
of appropriate contractions can be easily computed with results n% = 48 and n® = 24. The

explicit regularisation is quite long and tedious but standard, so we omit it; the results are

3 3+&2)i
co, X 7(g2+g’2)2u267( +¢ )l—i—ﬁnite

8 16m2¢e
3. (3+£2)i .
b DR 4 2
Cg4 ~ Zg /’L sm + ﬁnlte (138)

There are three more types of diagrams to be considered. Note that all of them are UV-finite
within the Landau gauge. Regularisations are again not performed because they are even
more complex (but simple in principle) to be shown in detail. Let us write down the results
(the divergent parts only):

\\\ GO //’ \\\ G /,’
bR 3 4 <2 2 2 M2552i
PO b)) ( )
Zi EZ : Wé EW 8[g+g+g 1672z
/// GO \\\ ,’/ G \\\
(139)
RN Z e RN 1% Pid
~ P N P
[ 2%V [ 2V %"
\\ /I + \\ /I DR 3 |:2A2 + <A2 + A/Q):| 5\ /J'2E£i
G° \¥I G° G\, G 119 g9 16726
(140)
\\\ f? /// \\\ fz //,
DR 3 4 .9 2 2 M26§2i
bR _ 209 ( )
Z\".{VPZ + W"\;?W 4[g+ P +3 TR
(141)
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Suming up the previous relations we obtain
25

16m2¢

(138) + (139) + (140) + (141) = {Z [(g2 + 32 +24 } _3 (392 n A,z) Ag}

It is now easy to compute the renormalisation constant K. Diagrams (129),(131) and (135)
together with the counterterm (118) (transformed to d dimensions) are the only that could

contribute to the divergent part of the four-particle OPI-Green function

9., 9 )
@ { § Neghtp+ 53242 (3 + ¢
((IlaCI27CI3»(]4) /14 1671' c —6 f —+ 5 -+ 3 ( +g

)+ 29" | —

_§ %+ A/2 2e 3
1 (39 ))\f} i— u AK) + finite (142)

This Green function should be finite in any renormalisation scheme. It can be ensured by

the particular choice of the counterterm

1

Ky=——
A7 16n2e

{—4X—1 Zf:chi}‘} F3+ %X—l [(g +§%)? +2g4} _ % (39 +g’2) g} (143)

(this definition corresponds to the so-called MS-scheme but the resulting RGE does not

depend on its concrete choice and we use this scheme only for the sake of simplicity).

II. Higgs boson wave function renormalisation constant AZy
The types of diagrams necessary for AZy computation are those written in (123). The first
of them:

f

d%k MQEiQ
“/ TFE—m) o —my) (145)

Regularisation of the above integral is performed in the Appendix A (see (204) for A =C =

N 2
C szcf ( f) (—1)x (144)

1, B=D =0 and m = my) and the result sounds
¢
Chz Py _Zchzhf T (Smf — 2) + finite (146)

The last diagrams to be considered here are the following:

Z w*

___.:\V\}---- - ———-{’V\}---- = C&h+2C) (147)
GY GF

where
ces = }(QZ + AIZ) 25/ d’k ik +q)u(—k - Q)ng,Vz(k —q)
4 (2m)d k2 —&m?,
Cb _ }AQ 2¢e / ddk Z(k + q)l»b(_k - q)uDgl{/V(k - q) (148)
92 = 49 (27T)d k2 — gm%/v
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Looking at (230) in the Appendix A we can conclude (the ’stg.” denotes the part of divergence
that does not affect wave function renormalisation constant i.e. does not depend on the

external momenta q)

1 3—-¢&)
Cge S5+ g’2)( f)Zq2 + stg. + finite

4 1672¢
1.5,(3=¢)i .
b DR 2 2
2C,. ~ AT + stg. + finite (149)
Collecting the previous results we can conclude
3— . .
Cypz = Cga + 2032 < _T§ T6n2e (3% + g'2) % + stg. + finite (150)

We are now ready to construct the corresponding one-loop two-particle OPI Green function.
Suming up contributions (146) and (150) together with the counterterm (120) we can write

7 - 3-¢
F(g)(q,—Q) = m[chfh?
f

As in the previous case this Green function should be finite in any renormalisation scheme.

S (B9 %) ¢+ iMZye’ +stg. + finite  (151)

In the MS-scheme this corresponds to the following definition of the wave-function renor-

malisation constant:

AZy = W[ Zchhf + 75(3 A'z)} (152)

Derivation of the §;-function
Now we have prepared all the necessary ingredients to write down the 35-function defined
by

O
Bs = p— 153
A a'u ( )
Recalling the relation A= At~ 28 one gets
Oh _ 210X 2e\ (154)

’“‘au a ou
To evaluate it we express Ap from (116) in terms of the renormalisation parameters and
expand it to the first order

Ap =M1+ K)\)Z;* = M1+ K\ — 2AZy) + higher order terms (155)

Differentiating both sides with respect to p (holding Ap constant and neglecting the higher

order contributions) we get

O 0K AVAT
14+ Ky —2AZ Al —=—-2 =0 156
au(-irA m)+ (8/1 5#) (156)
which can be (with the same accuracy) recast in the form
oA 0K BAZ bt
— =M -== 157
op < o 2 o ) (157)
Now, the derivatives on the right-hand side can be obtained from (143) and (152):
K
% = —2epu 'K, + higher order terms
w
IS)AVA
8uH = —2ep~'AZy + higher order terms (158)
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Collecting (153),(154) and (158) we can rewrite the (5-function in the form
B = Ae (2K — 4AZy) — 2e) (159)

Substituting for K and AZy from (143) and (152) and neglecting the last term proportional
to € we conclude

_ 1
T 16m2

{83 Neshf + 65 + g (32 +5%)% +29*] +
7

B
+M§:Nq@—3xw2+@5} (160)
7

(Note that although both the K and AZy depend on the gauge-fixing parameter £, the
final expression is £-independent.) This is the most important result of this subsection. It
can be easily checked that the equation (160) is in agreement with results given previously

in the literature (without any derivation in [20] or [10] or within the Landau gauge in [6]).

Discussion of the 35 function
Now we are going to discuss the relative importance of the terms in (160); this information
will be useful in the next section where we try to find at least an approximate value of the
running coupling at the weak scale.

Values of the couplings hy, g, ¢" and X can be estimated from the relations with the (tree
level) masses of the corresponding particles. Using

2
4m7,
2

2m2 2m2 2
=" A== 2agt=
v v v

4 2
and 92:M

. (161)

we can state, that the most important factor comes from the Yukawa coupling for the top-
quark (with mass about 175 Gev). Relative values of the other terms in 35 compared to the
—24h} term (with one exception only - the term 12Ah;) do not exceed about 3%, as can be

seen from the tables

mass parameter my my m% m,
approximate value 175 GeV | ~ 100 GeV | 91 GeV | 82 Gev
corresponding coupling h? A 2 +q"° g°
approximate value ~1 ~ 0.3 ~ 0.5 ~ 0.4
term approximate value | relative to 24h}
24h1 24 1
62 0.5 2%
32+ 37> 0.4 1.5 %
3g% 0.5 2%
12)\h2 3.6 15%
6Ag> 0.7 3%
3%+ g7 0.4 2%

In the following subsection we attempt to solve a differential equation for the running cou-

pling constant A which describes the evolution of A as a function of the subtraction scale

.
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4.3 The running coupling constant A\ and the Higgs mass

The quantity called running coupling constant X is defined in terms of the previously com-

puted 35 (160) function by the equation (see for example [2])

B = 5y A (162)
Although the parameters denoted by ... (hf,g and ¢’) in general fulfill similar differential
equations so they are also some functions of p, we assume [20] that they do not change too
rapidly in the region 100 GeV ~ mgysy and can be approximated by constants. Moreover,
the tables above inform us about the relative importance of the terms in (160). We can see
that the right hand side of (162) can be (with sufficient accuracy about 3%) approximated
by the terms containing Yukawa coupling of the top quark h; only. This is an improvement
of disscusion presented in [20], where the only considered term is the leading factor —24h}.
Doing this, we obtain ~
dA(p) 1
Foau ™ 1602

We will solve this equation with the initial condition A(msusy) = 3(g9* + ¢’?) which in fact

[—24hf + 12K X\ ()] (163)

connects the ’effective’ non-supersymmetric theory (GSW standard model) with the MSSM
([10],]20]). Solution of the previous equation is trivial (note its separability) and fulfills the

(algebraic) equation (obtained by integration)

b 24h} 12h}
n [‘Hw‘(/‘))} — bIn (”) with o= 2% g p= 220 (164)

a+ b)\(mSUSY Msusy 1672 - 1672

(note that b < 1). Removing logarithms and expanding the right-hand side

b
( o ) £1+bln( a ) (165)
Mgusy Mgusy

)-l—b)\(mSUSY)ln( K ) (166)

we obtain

Mgusy Mgusy

M) = Amspsy) + aln (

Evaluating this expression we get (utilising m% = %(g2 +g"%)v?)

1< m%  3h} mi 3h? m? mi
Y - Z t 1 susy | t 7Z1 SUSY 1
2 (1) v? * 1672 n( wt > 1672 12 wt (167)
Using now (see [10],[20])
1 1
mi = iA(mi)UQ(mi), my, = 192112 and hy = \/i% (168)

we can conclude

3m}g? mai 3m?2g? miie
2 - 2 t SUSY t 2 SUSY
= 1 — In{ —>> 169
My =Mz + 16m2m3, . m} 32m2m3, Mz mp (169)

The first positive term corresponds to the result of [20], the second (negative) is an improve-
ment of magnitude about 15% .

The result (169) allows us to state, that the tree-level ’effective’ relation my — myz (which
provides an upper bound for my,) receives a large positive one loop correction. Numerically,
for mgysy ~ 1 — 100 TeV the new upper bound (169) constraints the Higgs mass by the
values about 130 — 190 GeV, which is (up to now) experimentally acceptable.
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Conclusion

This work should provide a rather detailed review of the Higgs boson spectrum within
the Minimal Supersymmetric Standard Model (MSSM) at the level of one-loop radiative
corrections. The unsatisfactory tree-level mass bound for the lightest Higgs scalar mass was
recast using two methods: an explicite diagramatic calculation and a renormalisation group
approach. We use the usual dimensional regularisation procedure to handle the ultraviolet
divergences coming from the Feynman diagrams containing loops. The text consists of four
main parts:

In the first chapter we have recalled the tree-level MSSM Higgs boson spectrum and the
known upper bound for the lightest MSSM Higgs scalar m;, < mz|cos283|. Several other
relations that usually are not given in the literature were derived for later convenience.

In the second chapter we discuss the renormalisation of the the tree-level relation mfb +
m? = m? +m?% by performing a (restricted) diagrammatic calculation. The important fea-
ture of the calculation is the fact that the divergent parts of the corresponding counterterms
exactly cancel. We have adopted the usual on-shell renormalisation scheme which allowed
us to use many tree-level relations among the MSSM parameters derived in the first part.
The only significant contribution comes from the top-supertop sector of the theory. (The
unitary gauge is fixed so that the number of relevant diagrams is reduced; note that there
are still 28 remaining graphs which are catalogized and regularised in Appendix A). We
have recovered the well known large positive correction to the Higgs masses proportional to

m

4
4 To compute the leading logarithmic approximation we have neglected all the terms of
z

magnitudes :Z—g and smaller. (The expected large contributions proportional to m% coming
from the graphs involving stop loops turns to be negligible in the case of a small mixing in
the squark sector, see [4].) These results are in agreement with the relations obtained earlier
by various authors ([4],[8],[9]). The explicite mechanism of divergence cancellation (which
does not appear in the literature) is exhibited in detail within the mentioned unitary gauge.
Some further comments on the situation in R¢ gauges are included.

In the third chapter we examine the MSSM neutral Goldstone boson self-energy at the
one-loop level. We restrict ourselves on the graphs coming from the top and supertop sector
only. The expected cancellation of one-loop self-energy contributions is confirmed. Up to
my knowledge there is no such an explicit computation in the literature. Both in this and
in the previous chapters we use the fact that many diagrams contributing to the Goldstone
boson propagator can be easily obtained from diagrams for the MSSM pseudoscalar A and
vice versa.

The connection between the MSSM and the original Standard Model is briefly reviewed
at the beginning of the fourth chapter. From this point of view the GWS Higgs boson
corresponds to the lightest MSSM Higgs scalar in the 8 — 7 limit ([17], [20],[10]). Therefore
we have used the GWS model as an effective theory and computed the 35-function for the
quartic Higgs self-coupling A in order to pull it on the mass shell down from the SUSY-
region. The calculation is performed within an R¢ gauge which provides a generalisation
of some earlier computations in Landau-gauge ([6]). This generalisation is not completely
straightforward because there are some extra UV-divergent graphs that do not contribute
in the Landau Gauge. The on-shell coupling is then used to derive the one-loop leading

correction to the tree-level relation m;, < myz. We have improved the results of [20] using a
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better approximation of the 35-function.
The results of both the diagrammatic and the RGE methods are rather similar: the
original unsatisfactory tree-level prediction my < my receives a large correction which shifts

the upper bound above the recently accessible energies.
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Appendices

A Dimensional regularization

A.1 General remarks

The main aim of this section is to perform the procedure of dimensional regularization of
divergent integrals in all the cases relevant for our purposes and prove the results presented
by Aoki et all in [1]. For the sake of brevity we will adopt some formulae from the litera-
ture. It is necessary to say that the following derivations will be more intuitive than fully
mathematically rigorous and the used scheme definition-statement-proof is to be understood
in the same manner. We are also going to use the ’ = ’ symbol (which should mean is after

)

dimensional regularisation equivalent to ) instead of the obvious '’ =’ to express this fact
explicitly. More information about the mathematical background of the computations can
be found for example in [2],[16] or [19].

The philosophy of the dimensional regularisation procedure is quite simple: to try to
consider an integral as a generalized function of a parameter d , which denotes the dimension
of the integration manifold. Such a function can be well-defined for some integer d and then
prolonged to any real dimension using the analytic properties of the resulting d-dependence
(usually I-function). All the relevant integrals are handled in this way and the resulting
higher order correction to some lower order relation is then defined as the limit for d — 4
of the sum of all the contributions, which is often finite.

The results of further computations will be expressed in the usual way
integral = aCyy + finite

where we used )
Cuy = - +Indm (170)

with 2e = 4 — d; 73 is the famous Euler-Mascheroni constant (0.577...) and « € C depends
on the concrete form of the integral. The finite part generally contains terms of order &2

and higher, that we will neglect.

First of all we are going to derive three particular statements that will be useful in

subsequent computations:

d4k 1 DR Z 2 m2
[ermm ® e (CUV+ L-n uz) (171)
d4k k“ku DR 1 g/’”’ D (if)
/ eri - D,erF 16w 2 1Y {Cw I=hn—05 (172)
d'k 1 DR 7 D (:L‘)
~ —In— 17
/ (2m)* [k? — Dy (2)?]? 1672 [CU‘ e (173)

The proof is nothing but simple use of the expressions (9A.5) and (9A.7) from [16] (Similar
relations can be found also in [2], [19] and many other books) and the Laurent expansion of
the I" function around its poles in —Nj. The first of them, (171) :

d*k 1 oe [d% 1 o i, m? \ °
ar 2 o (-1 -
/(27r)4 2-mz F /(%)d o Temm I(Tl+e) <4w2)
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m2

47

)
m
1672

z[i_%JrHo(g)} {1—aln +0(%)| =

1 9 m? 9

The arrow at the beginning comes from the fact that it is necessary to redefine the
whole theory into a non-integer dimension. It means first to generalize the 4-dimensional
Lagrangian into a dimension d. In order to use the usual techniques to handle such a
theory we are forced to keep the original dimensionalities of the couplings. (For example
in the A\¢* theory the dimensionless constant )\ serves us as a numerical expansion factor
so it is necessary to save this fine property also in the new theory.) This is the reason for
introducing a new mass parameter p into the original Lagrangian to arrange the correct
total dimension. The Feynman rules for the relevant vertices then obtain some additional
factors proportional to u. Using these reformulated rules the Feynman diagrams produce
expressions which contain different powers of u. In the computation above we have taken
only a part of it proportional to p?¢ to simplify the result.

Of course all the (measurable) results of computations should not depend on its particular
choice. (Note that the renormalisation parameters in general can be u-dependent.) In our
case the overall u independence is going to be a trivial consequence of the total cancellation
of all the divergences and the special definition of Cyy in (170).

In the previous derivation we have used the following expansions (n € Np)

I'(—n+e) = (—nl|)” [i +Y1(n+1)+ O(e) (175)
where "
Yi(n+1) = % — e (176)
k=1
and
a=1+elna+0(?) VaeRT (177)

and neglected the small term proportional to €2. (The derivation of (175) can be found for
example in [16].)

The second and the third integrals (172),(173) differ by the power of their denominators and
the additional momentum components, which complicates their resulting structure; Dgy(x)

is a real parameter which does not depend on k.

/ d*k Kt kY ~ 25/ Ak Kt k> on
(2m)% [k2 — Dy(2)2]? "] @r)d k2 = Dy(2)??

DR i gt . Dq(.%') 7i
1672 7F (=1+2)Dy(2) { 4rp? |
o ig™ 1 _ 1. Da(2) 2] _
= 167]'2 7Dq($) |:€ Ye + 1+ O(E):| |:]. eln 47‘_#2 + O(E ) =
i g Dy ()
= WTDq(x) |:CUV 4+1—1In ZT + 0(52) (178)
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And similarly the last one (173):

d*k 1 e dk 1 w1 Dy(z)] °
J/<2w>4[k2——z)qcr>ﬂ2 g J/<2w>d[k2——z)qcr>ﬂ2 16w2r(€)[ 4Wu2} -

- [i et 0(5)] [1 el Z;S;) 4 0(52)} -
_ ﬁ [CUV ~In un(f)} +0(?) (179)

A.2 Regularisation of relevant integrals

In the following part of this Appendix we will use the statements above to derive several
necessary results relevant for our purposes, i.e. perform the dimensional regularisation
procedure in the cases of concrete types of the one-loop Feynman diagrams corresponding

to the lowest order corrections to the tree-level relation considered in the first chapter.

I. Integral corresponding to the tadpole and seagull graphs: Neglecting the other
structures coming from the external legs and the Lorentz-structure of the vector-boson

vertices, all the diagrams from the set

q q q q q q q q

———e———= Ao ———e———= Ao
] ] I ]
] | I I
] | I I
k! )m k! )m k m k m
\‘/ \_/
q » q q
—_—— ) - ———— A A
® ®
m k m k

correspond to the already regularized integral (171)

d4k 1 DR 7 2 m2
/(27r)4 K2 —m? 16n2 " <CUV +1-In ,uQ) (180)

II. Integral corresponding to the graphs of the type:

mlk

o~

g___‘\’ »---2 (181)

ma2

In this case we are dealing with a contribution of the form (neglecting the couplings)

[ dY% 1
6= [ e e

To proceed we are going to use the so-called Feynman parameterization

! 1
ab /0 de [az + b(1 — x)]? (183)
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with a special choice of a = (k — p)? — m3 and b = k? — m?. It leads to

d*k ! 1
16 = [ | o e @GP s

which can be easily simplified to the form (considering both the integrations in the Lebesgue

sense it is possible to interchange their order without any problems)

0= d“”/ (CErmae: (185)

Here we used the notation of Aoki et all [1 ]

Dy(z) =mi(l —z) + miz — ¢*x(1 — z) (186)

The next step is the substitution & — gz — k& which does not affect the volume element nor
the integration domain. After that the momentum integral takes the form of the previously
considered expression (173). Using this result we can see that

[ d% 1 e 0 [ [y, Pa@)
10 = [y~ e (O [ em 2] s
with Dy (z) defined in (186).

III. Integral corresponding to the graph:
mi k

q 2 q
W\‘\ \,rvw (188)
\~’,

ma
This kind of diagrams leads to the contribution of the form

pr — d4k (2k - q)M(Qk — q)u
10" = [ G e (189)

The complexity of the numerator descents from the nontrivial momentum structure of the

vector-scalar-scalar vertex. Using the standard Feynman trick (183) we can rewrite the last
expression in the form
2(k — —q(1 —2x)|*[2(k — —q(1 —-2x)
[(k = qz)? = Dy(2)]
The usual substitution k — gz — k leads to (neglecting the k-odd terms proportional to k*g”

which do not contribute to the integral):

a4k 4kﬂk” +qhq (1 — 2z)?
/dx/ DT (191)

It is now easy to use relations (172) and (173) to perform the regularisation and get

! i g Dy(z)
I(q =% /d ' 9 p Coy + 1 —In =4
(q) o € 1602 2 q(l') vy T+ n 2 +

' Dy()
+ gt (1 - 22)? 16 — {CUV—m 22 ]} (192)
Utilising foldx(l —2x)? = £ we can conclude
174 Z’ 1 LV v
Ig = W{CUV [3 (@"d" — 9"'a*) + " (m?+ﬂ”é)} + (193)

1
D
+ g™ (mf +m3 — q3> _/ da [¢"q" (1 = 22)® + 29" Dy()] In q(;)}
0
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IV. Integral coming from the diagram:
k mi

?--O---g (194)

m2
Thys type of diagrams produce contributions of the general form

4 mi meo -
I(q)z/(;rl;Tr[(A—i—By)kQ +k(C+D )(k_;)f_?i% (195)
(A and B are nonzero for example for pseudoscalars). Let us first calculate the trace :
Tr[(A+ Bys)(mi + K)(C + Dys)(me + K — )] =
=my Tr [(A + Bvs)(C + Dvs)(mo + ¥ — )] +
+Tr [(A+ Bys)k(C + Dvs)(mz + § — ¢)] (196)

Using Trvys =0, Try*~4”+y5 = 0 and the fact, that the trace of an odd number of gamma-

matrices is zero, we can simplify (196) to the form

(196) = mimaTr[(A+ Bvs)(C + Dvys)] + Tr[(A+ Bys)K(C + Dys) (K — ¢)] =
= 4mymo(AC + BD) + [(AC — BD) + (BC — AD)~s] Trk(f — ¢) =
= 4[mimo(AC + BD) + (AC — BD)k(k — q)] (197)

Utilising this result we can rewrite (195) in the form

_ [ d*k mima(AC + BD) + (AC — BD)k(k — q)
)= 4/ (2n)1 02— )k — q)° — md]

(198)

The first term in numerator corresponds, up to a constant factor, to the already regularized

integral (182) so it is easy to write down

/ d*k mimso(AC + BD) DR
(2m)* (k2 —mi)[(k — q)* — m3]

ILi(q) =
. 1
~ %mlmg(AC—i-BD) [CUV —/dxln Dqg@} (199)

4m 0 H

The rest of (195) must be evaluated by hand: introducing the Feynman parameterization

and substituting k — gz — k gives (in the traditional notation)

- d*k k(k —q) _
L(q) = 4(AC-BD) /(2 )t (k2 —mi)[(k — )2 —m3]
d*k (k+qx)[k+q(z —1
= 4(AC - BD/ / +q [DjLE]aE)]Q A N (200)

A(AC - BD) {/ / Qxl—a: / /d‘*k k2+kq2?:xizl)}

The term proportional to k.q again does not contrlbute and the rest is already regularized
n (171) and (172):

IL(g) = —4(AC - BD) {/Oldxq%ﬂ _ x)%ﬂz {CUV W DZ(;:)] N

) /oldm U éj o/ éw]; e éixn] } (201
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This allows us to conclude

Lig) =~ —#(AC — BD) {/Oldxqzm(l _2) [Cw T Dq(:c)} B

- /Oldx [QCUV +1-2In D/ql(f)} Dq(a:)} (202)

Then we obtain the final result

2

(g = - {c [mlmg(AC + BD) — (AC — BD) ("6 i /0 1da;Dq(33))]

4z

+ /1d36 In DZ(;C) {=mims(AC + BD) + (AC — BD)[¢*z(1 — ) — 2Dy ()]}

+ (AC — BD) / ldeq(:v)} (203)

0

In the special case when both the fermions have the same masses m; = mo = m the previous
expression can be simplified into the form:

) 2
I(q) ~ 41? {c [m2(3AC’ — BD) — (AC — BD)(;} n

+ (AC - BD) <m2 - q) +
! Dy(z) ¢ 5 2
+ /0 dzln i [m*(BD — 3AC) + (AC — BD)3¢*z(1 — z)] } (204)

1
(Note that fodeq(x) = m2?— <)

V. Contributions coming from the graphs:

k mi
gf\/\Qv»’\q, (205)
m2

These graphs lead to the expressions of the form

mo -4 (206)

4 mi
I(g)"™ = /ﬂ Tr {fw(l gy K v By =2

(2m)4 k? —m?

First we again calculate the trace:

Tr [y*(1 + Avs)(ma + §)7" (1 + Bys)(me + = 4)] =
=my Tr[y*(1 + Ays)v" (1 + Bys)(ma + ¥ — 4)] +
+Tr [y*(1 + Ays)Ey" (1 + Bys)(me + ¥ — )] =
= mama Tr [y#9"(1 — Avs)(1 + Bys)] +
+Tr[(§ — v ky” (1 + Ays)(1 + Bys)| =
=mymg Tr [y#9"(1 — AB + (B — A)vs)] +
+Tr[(f = Dy ¥y"(1+ AB + (A+ B)ys)] = (207)

Reminding the known identities (see for example [2])

Teyfy” = 4g™
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Try'y"ys = 0

Try7y#y™y" = A(g™g™ +97"g™ — g"9"7)
Tey'y Yy 7 ys = —4ie?™™ (208)
the trace (207) can be recast
Tr [y (1 + Avys)(ma + F)y" (L + Bys)(me + K — 4)] = 4ie”" qokr + (209)

+4(1 — AB)mimag"” + 4(1 + AB) [(k — @)*k” + (k — @)V k" — g"Y (k — q)k]

The factor containing €#™ drops out from the integral (206), because of its antisymmetry
(which eliminates the part proportional to ¢?¢™) and the fact, that the rest is already k-odd.
We then get

(@) = L(@)" + I(q)"” (210)
where
o [ Ak 1
R el [t e e
uro — d*k [(k - q)ukl’ + (k - Q)Vku - g’w(k - q)k]
nar = A [ e

An expression similar to I;(g)*” is already regularized in (199); we can write immediately

, 1
D
Lg% Lmlmg(l — AB)g"" |Cyy — [ dzln Dy(x) (211)
4m? 0 I
The first task to be done in the case of I5(q)*” is to perform the Feynman trick and the
usual substitution k£ — gx — k to obtain

D(g)™ 1+AB/dx/ d*k 2[k*kY — gtqvx(1 — x)] — 9" [k? — ¢?x(1 — )]
[k2 = Dy()]?
d*k (1 —2)(2¢"q" — g"q®)  2kHKY — gMv k>
4(1+ AB) 212
ran [oo [ PO W) e
Let us denote Iy(g)"" = IQA(q) + Lp(q)" where
d'k x(1—2)(2¢"¢" — 9""¢%)
1 = 41+ AB) | d 21
2A(q) + / ZE/ —Dq(l‘)]Q ( 3)
4 W1V My 1.2
Ls(@"™ = 4(1+ AB) /dx d k 2]“ Mg ’2 (214)
Dy()]
The part T4 (q)"" is easy to handle:
1
D x
Bl % — 551+ 48) [ detze'at - )1 -2)[Co - 2] (a1s)

The expression Irp(¢)*” is also not too hard to deal with; recalling the statement (172) and

performing similar steps as in (201) we obtain

IQB(q)l"V l;)\}} _(1 _|_AB)4/L?9#V {_/ deq(I) |:CUV + 1 _ln q(2x):| +
0 M
1
+ / dz {QCW +1-2In D"{f)] Dq(x)} -
0 1%
= —(L+AB) 54" / daD,( {cw_ln D;(f)] (216)
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Now we collect all the partial results (211),(215) and (216) built up the total contribution:

I(@)"" = L(g)" + Iza(@)" + Lp(q)"” (217)

After some simple algebraic manipulation we get the final result (reminding that foldeq (x) =

Lim? +m3) — £);
1 1
" = 150w {gw {mlmzu —AB)— Lmd £ )1+ 4B)| +
1
+ (1+AB)(¢"" - q“q”)} -

- / datn 219 €1 ABYmimy — (1 4+ AB)m2(1 — 2) + m2a]}

- ﬁ( +AB)/Od zln H< )(1—|-AB)(q“q”—g‘“’qQ)x(l—sc) (218)

The most important is again the case of m; = ms = m; this particular choice allows us to
simplify the previous result into the form

i 1
(@ = 1 5Cuw {—Zng”"AB +(1+AB)Z(9"q" - q“q”)} -
L Dylx)
- — In =22 (—2m?AB) —
471-29 dJC n N2 ( m )
‘ D,
- 2; oo ﬂ( >(1 +AB)(¢"q" — 9" ¢*)x(1 — x) (219)

VI. Regularisation of some special types of integrals:

In this paragraph we are going to regularise integrals appearing mostly in the fourth chapter.
They are opticaly worse than the previous types, but the situation is simplified by the fact,
that we need their divergent parts only so it will be possible to drop out a lot of terms that
do not affect it.

There are two types of integrals that we are going to be interested in. First of them,

produces an integral of the type

_ ddk M2a
=1 /(27T)d (K —mp)(K+d2 —mp) (K + g2+ ds —mp)(k+ d2 + g3 + da —my)

We would now have to compute a very long trace but the only part that can contribute to
the UV-divergence of I is

kukykpke Tr(vy"yPy7) = dkukykpke (9" 977 + 9" g"" — g"Pg"7) = 4k* (221)

because the integrals involving remaining terms are convergent. To handle the denominator
of the last expression we have to perform a triple Feynman parametrisation. Because we do

45



not need an explicite form of the finite part, we denote the resulting expression containing
all the external momenta q; ...q4 together with the parametrisation variables x; ...x3 by

some C(&,qy ...qq). This allows us to write down

1 71 w2 de% b,k ko k
I:6/dx/dx/dx4”” P 26/ Al + finite 222
oy Ao f s A e O ) (222)

It is not difficult to show (using the usual technique described for instance in [2]) that the

regularisation of this divergent integral has the form

/ddk 1 kykukpks  on iT(E)C(F 1 qa)]

(g,ul/gpo' + 9uo9uvp + gupgua)

Cnik —C(Zaqr...q ]2 (I ()<
i |1 C@,q1...qa)] 1
= 1672 |:€ —TE — In T[ﬂ I(g/wgpa + IpoGvp + gupgw) (223)

Inserting this into (222) and extracting the term proportional to % we obtain
o
 4n2e

The second integral of this section is the contribution corresponding to the diagram

A S (225)

I(q) = u* /(ddk {iDgfx(k - q)] (k+ q)?(=k — q)°

I + finite (224)

2m)d k2 — §m§( (226)
Let us again divide this expression into two parts:
I(g) =1L+
where
dek (k+q)?
_ 2e
ho= o e g (221)
_ o2 d’k [(k +q)-(k = ¢)]?
o= i 0-9 [ e g e

The first of them (performing the usual steps like the Feynman parametrization and the
substitution k¥ — k + gx) gives after some algebra:

DR Z
I ~——;
8me

The term stg. denotes a part of the UV-divergence which is not proportional to the external

q* + stg. + finite (228)

momentum ¢ and therefore does not affect the wave-function renormalisation constant.
The second expression Iy is much more complicated; performing the whole procedure

one can obtain ‘

i
1672¢
Collecting (228) and (229) we conclude this Appendix by

LN —-(1-¢) ¢* + stg. + finite (229)

1
1672

I(q) = —(3—¢) q* + stg. + finite (230)
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B Feynman rules of the MSSM

Despite the fact that there are several excellent sources of the Feynman rules of MSSM in
the literature ([14], [7]) I have decided to include an Appendix containing a brief review of

them in this work. The main reasons are two:

e There is a lot of references on the concrete structure of the rules in the computations,

so I find it convenient to have them collected at one place

e Many papers containing Feynman rules for superquarks use the 'non-physical’ L — R
basis, which is advantageous for the formulation of the model but not for our explicit
computations, because they do not allow us to use a lot of relations among the MSSM

parameters.

Let us start with some comments on the transition from the L — R basis to the ’physical’
1 — 2 basis. The Lagrangian describing interactions of the superquarks is diagonal in the
L — R basis until the soft-supersymmetry-breaking terms are included. After this step we
have to rediagonalise the superquark mass-squared matrix, i.e. find the diagonal basis. This

can be done by an orthogonal transformation

(8)(2)-(2)
qr a2 qr

where the A denotes a real and orthogonal 2 x 2 matrix. Therefore it can be parametrised

by one angle 6, (in the usual notation)

A:( cost, sinf, ) (232)

—sinf, cosb,

To solve the problem of such a rediagonalisation we have to replace all the expressions of the
type q;, R(j/L, r in the original Lagrangian by some relevant combinations of the new fields
7 2q1,2- In the next derivations we will focus only on the case § = ¢’ = t (supertop). The
generalization for the other flavours is straightforward. The relations among quantities in

these two basis can be expressed by

i\ i Lo wY i
(o)) o(z)

which can be translated into the form

t~’2t~L cos?0, —cosl; sinf;  —sind; cos; sin’6, f{ t
titr | | cosf;sing, cos20, —sin?6, —sinf; cosb, ity 534
}f L N sin#; cosb, —sin?6, cos26, —cosf; sinf; f;fl (234)
~}‘%f R sin6, sinf; cosfy cosf; sinf; cos?8, t5ts

In order to obtain the rules in the ’physical’ basis we must substitute for all the L — R
products in the Lagrangian from the relation (234).

As an example of the above described mechanism we are going to write down several
Feynman rules for the trilinear and quartic interactions including supertops, which are nec-

essary for computations within the other chapters.
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B.1 Trilinear interactions including supertops

Note first that there are two neutral Higgs scalar and one Higgs and one Goldstone neutral
pseudoscalars within the MSSM, but the amount of the possible vertices involving these

particles and two supertops is reduced by many conservation laws.

I. Trilinear interactions of supertops with the Higgs scalars: These vertices corre-

spond to the generic picture:

t

To express the rule for a concrete vertex we will use this shorthanded notation : Sfifj ~
rule. (For example the symbolic relation htyts ~ rule means the expression denoted by rule
corresponds to the picture above with S replaced by h and ¢ and j by 1 and 2. Note that
the rules for SEiEj and SEJEi can be different.

Next, it is often very convenient to divide every rule to a number-like part (without
any additional structure) noted by g with the relevant subscripts and a non-number part
(i.e. metric tensor, momentum-vector components and matrix structures). For example the
interaction of the Z-boson with supertops is described by

ig
cosfyy
In this more sophisticated notation it would be rewritten in the form

ig
cosfy

Ztit, ~ (—Xcos®0; + Ysin®0,) (k+ K')* (235)

Zt1ty ~ g7, (k+ K", where 9750, = (—Xcos®0; +Ysin®0,)  (236)

and similarly the other rules.
Using the previous conventions we can start with the exhibition of the rules.To simplify

the further relations we use the following notation:
1
X = 5 e;sin? Oy and Y = e;sin?Oy (237)

(6w is the Weinberg angle, e; is the charge of the top-quark in the units the positron charge
and the factor % comes from the weak isospin of £7.) Then rules for the interactions of the

Higgs scalars h and H with the supertops sound:

. .
hii i, M2 Gin(a+ B) (Xcos2, + Ysin®g, ) — o (238)
cosOy mysing

' in20
—% (Aymgecosa — psina) (239)
. SN S
htaty ~ mz sin(a + ) (Xsin29t + YCOSQHt) — w
cosOy, myysing
' 5in20
% (Asmgcosa — psina ) (240)
hti1ty ~ W9mz sin(a + ) (—Xsiné; cosd; + Ysinb; cosb, )
cosOy,
] 20
—% (Aymgeosa — psina) (241)

48



) 9 .9 igm?sina
HE]_E]_ ~ _%COS(O[ + ﬁ) (XCOS 9,5 + Ysin et) — m
cosby
7' ' 242
_ngtsu.ﬂgt (Aymgsina + pcosar) (242)
2myysin
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igmy
cosByy
1gmsin26;

igm?sina
myysing

cos(a + 3) (Xsin®0, + Ycos®0, ) — (243)

Sy sing (Aymgsina + pcosa) (244)
- - igmyz . .
Htit, ~ —mcos(a + ) (—Xsinb; cosb; + Ysinb; cosb;)

. 120
_% (Asmgsina + pcosar) (245)
II. Trilinear interactions of supertops with the pseudoscalars: The graphs corre-

sponding to these vertices generally look like

~+
.

7

p----4

\

t;
The arrows are necessary because the A and G are pseudoscalars. This feature causes the
antisymmetry of the corresponding vertex; we can immediately see it from the Lagrangian,
for instance the Aty vertex:
1gmy

Lz, = pre—Y (Aymgeos3 — psing) (f7t2 — t5t1) A (246)

The Feynman rules have the following form:

Atqito ~ —Aisty ~ % (Aymgcosf — using) (247)
Gtita ~ —Gixty ~ & (Aymesing + pcosf3) (248)
2myysin3

Note that there are no Aflfl, Afzfz, Gt1t; and Giato vertices in the theory.

ITI. Trilinear interactions of supertops with the gauge bosons: As in the previous
cases, the general scheme

tj, k'
7 ~o~A [
\
tik
corresponds to the rules
-~ - ) .
Ztit;  ~ COSZW (—Xcos®0, + Ysin®0, ) (k + k)" (249)
Iz ig .2 2
Ztaty ~ cost (—Xsin®0; + Ycos?0;) (k+ k)" (250)
Zt1ts ~ 9 (Xsinb; cosf; + Ysinb; cosy ) (k + k') ~ —Ztaty (251)
cosOy
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B.2 Quartic vertices including supertops

I. Interactions of two supertops with two scalars:

S, P i

S, P 7,

The general picture looks like

Using the notation defined in the previous section the Feynman rules can be written in the

form

2

. L
1. g 2 .9 ig*micosa
hht;t 9 cos2a (Xcos?0, + Ysin20,) — 2t
1 2cos20yy cosea ( cos™0; + ¥sin t) 2m%/VSin25
. ig? . 9 5 ig*m?cos®a
hhtyts ——cos2a (Xsin®fy +Ycos®t, ) — ———5—
2cos* 0w 2m?,sin” g3

HHt,t icosQa (Xcos29 + Ysin?6 ) _ M
o 2cos? Oy ! ! Qm%‘,sirfﬂ
g2 L9 9. 2

ot 9 2 2 ig*m?sin’a

HHtatz ~ — cos2 Xsin“0; + Ycos“f, ) — ——H——
v 2c0820p (Xsin0: s0) 2mi,sin®3

IT1. Interactions of two supertops with two pseudoscalars:

interactions of supertops with the

2

-~ ig
AAt it~ ————
1 2c0s20y,
. 9
-~ tg
AAtats ~
22 2cos20y,
o~ o~ ) 2
GGtity~ ——T—
1 2co0s20
GGi.t ig?
22 2co0s20

ITI. Interactions of two supe

considered type correspond to the

2 2

pseudoscalars A and G are

P 20002

cos2(3 (XCOSQHt + Ysin29t) _Y Tgt tan?3
2myiy,

ig2m?

———cos2/3 (Xsin26‘t +Y00529t) - tan?

My
ig2mt2

cos23 (Xcos29t + Ysin29t) — 5
w 2myy,

ig?m?

cos2(3 (Xsinzf)t + YCOSQGt) — 5
w 2miy,

rtops with two gauge bosons:

generic picture

and the relevant Feynman rules sound

ZZt1t, ~

ZZtots ~

Z t;
/
/
/
/
\
\
\
\
\
Z t;
2i92 2.2 2.2 uv
o020 (X cos“f; + Y*sin Qt)g
2ig?

(XQSinQQt + YZ?cos?0, ) gtv
cos20y

o1

(252)
(253)
(254)

(255)

The rules for the quartic

(256)
(257)
(258)

(259)

The vertices of the

(260)

(261)



Note that the previous expressions fulfill the following relation (written in the traditional

notation):
Innisty T I mig + Innisis t IHHEE — 9L — 9GGIT — IAAfE, — 9cGhi, =0 (262)

B.3 Trilinear vertices including top quark

The diagrams relevant here are the following:

t t

S,P —--- and 7 I (263)

t t

The corresponding Feynman rules sound

1gMCOSQ
htt ~ 264
2myysin (264)
1gmysinq
Htt ~ 265
2myysin (265)
Attt ~ — T otBs (266)
2mW
gmy
Gtt ~ = 267
amuw 5 (267)
ig
Ztt ——— A" [X(1 - -Y(1 268
20059W7 [X(1—5) (1+s)] (268)

B.4 Trilinear interactions of the Higgs bosons

The last part of this Appendix contains the Feynman rules for the trilinear HZZ and HH H

vertices related to the pictures

S ----& and S ——-- (269)

I. Vertices involving three Higgs particles: There are eight relevant Feynman rules

in this cathegory:

hhh ~ - 22907:93/ 3cos2asin(a + B) (270)
1gmyz . .
hHH ~ [2sin2a cos(a + B) + cos2asin(a + G) ] (271)
2cosbyy
igmy :
hAA ~ - 5238 272
Seostiy cos2fsin(a + 3) (272)
hGG  ~ QZZZZZ cos2fBsin (o + B) (273)
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Hhh

HHH

HAA

HGG

I1. Vertices involving one Higgs scalar and two Z bosons:

two intermediate bosons so the corresponding Feynman rules involve metric tensors:

ing

B 2cosbyy
gmz

- 2cosbyy
igmy

2cosbyy
igmg

B 2cosOyy

[2sin2asin(a + 8) — cos2acos(a + ()]
3cos2a cos(a + 3)
cos23 cos(a + f3)

cos2f cos(a + 3)

hZZ LIMZ in(B - a) g
cosby

HZZ -~ 222 cos(f — a) g"”
cosOy

(274)
(275)
(276)

(277)

These vertices contain

(278)

(279)

As in the previous section there are several very important relations among the couplings

Inhh + ghaH + ghzz =0
gHhh + 9HEH + 9HZZ =0
gnaa + gnca =0

gHAA +9HGG =0

(280)

These relations ensure a great simplification of the total contribution (to tree-relation con-

sidered in chapter 2) coming from the tadpole sector of the theory.
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C Computation of relevant diagrams

In this Appendix I would like to present an explicit computation of the (one-loop) two-
particle OPI-Feynman graphs that are necessary in the previous sections. We will need the
Feynman rules and the regularisation prescriptions that are written in the Appendices A
and B. The main aim of this section is to catalogize the graphs and their contributions so
the comments will be brief.

We will use the usual generic notation II(g) for the self-energies corresponding to scalars
and TI(g)"" for the IVB polarisation tensors. Both these quantities will be equiped by a set
of indeces to distinguish among them; the same holds also for the functions Dy(x) from the
appendix B (see [1]):

Dg(y(x) =m% (1 —2) +miz—¢’x(l —x) (281)

C.1 Diagrams involving one top quark loop

This subsection is devoted to the diagrams involving one top-quark loop. The reason of ne-
glecting the other flavours is simple: the contributions of the considered graphs are typically
proportional to the quark masses, which are hidden in the Yukawa coupling constants. This
means that the 2contributions of the graphs including quarks of other flavours are suppressed
by the factor % which is very small. Moreover the mechanism of the ultraviolet divergences
compensation does not mix different quark flavours so the top-sector is ’self-contained’ also
in this sense. For better orientation we are going to divide the whole set of considered graphs

into two parts:

I. Graphs dependent on the external momenta
Working in the unitary gauge there are only four diagrams of this type; in R¢-gauges one
more diagram corresponding to Goldstone boson propagator must be taken into account.

t

h o h Tr/d4k i i B
I e = = g —m

t
) /d4k T (4 me)(k — ¢ +my) (282)

e ) @m0 = m)[(k = g ]

This integral is regularised in (204) with the particular choice A =C =1and B=D =0

SO we can write

2, 2. 2 9 5
JR—— DR . gmicosTo 9 q 9 q
i) ¥ i o (ant - ) + (mi - ) +

! Di@) o o aa
+ /Od:vln 2 [ 3m; + 3¢ x(1 x)]} (283)

Similarly in the case of H instead of h:
t

H€ - =" Tr/d4k i i B
— e SO = m = —m

t
o [d'k (¥ 4+ me) (f — 4+ my)
/ ( Tr (284)

It 2m)% 7 (k2 — m3)[(k — q)2 — m?]
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which gives

2,0,201102 2 2
. DR .ogUmismT« q q

! Dét(a:) 2 2
+ /Odg; In 2 [—=3m] + 3¢°z(1 — x)]} (285)

A different situation occurs in the case of the pseudoscalar A:
t

A A ) /d4k T 7 {
—— ———s = _ v —
Jan (2m)4 75% - mt%k —4—my

t
d*k my + me+ K — ¢
2 a'k t t
Gau /(271_)4 Tr |:’Y5 k2 _ th 5 (k‘ — q)2 — m%:| (286)

which corresponds to the integral (204) choosing A=C =0and B=D =1

2, 2. 2 2 2
. . ™y COS
ORES ;g micos’ {Cuv (mf + q> _ <mf _ q> 4

16m2m3,sin®3 2 6
1 Dtt
+ /0 dzln 'Lgx) [mi — 3¢°x(1 — x)}} (287)
The next investigated graph is
t

Z Z

W\Q\»W_ (288)
t
d'k iy [X(1—5) =Y (1 +75)] i [X(1 = 75) = Y (1 4 75)]
=—¢2 Tr/ = 289
971t (271_)4 % —my k _ g —my ( )
- _(X+4Y) vy _ (X4Y)
_ g2 (X —Y)QTr/ dtk " [1 (X7Y)75)} vy {1 (XA/)’YS)} _ (200)
an (2m)* F—m F—d—mu
d*k me+ k me+§—4¢
:QX—Y2/ Tr [v*(1 + Avys) " AV (1 + Bryg)— b P2 291
tht( ) (271_)4 ry ( + 75)]62 7’]71%7 ( + 75) (qu)Qfth ( 9 )
here we have denoted (X+7)

A=B=————°~ 292
X -7 (292)

(note that X —Y # 0). This integral is already prepared in (219) so it is easy to obtain

it ypur DR 2 2 i [l Dg (x) 2
S 2 (X VP | e [ e S comian)  (209)

) 1
+ THCIIV [2m§gMVAB + (1 + AB)g(ngf - Q”qy)} +

i ! Dét($) no v pnv 2
- 53 deln 2 (1+ AB)(¢"q" — ¢""¢*)z(1 — x)

Note that from (292) and (237) follows

2X2+Y?)

(1+A4B) = =51

and AB(X -Y)? = i (294)
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Moreover, looking at the coupling (268) we can conclude

2 Dtt m2
_-Htt nv %i _g m / In M )
iTT(q) oz e, : (295)

i m v 2 v v

* 47r2CU” [_ A 3(X2+Y2)( 9"q* —q"q )] +
i Dtt(l‘)

_ d In X2 Y2 p, v v, 2 1—
T SN YY) (¢ el - )

In the R, gauges there is one more graph to be considered because of presence of the
Goldstone boson in the theory [4].

t
G G d*k ] {
-——- ————= gl T 2
Q e /(2w)4 r%k—mt%éé—yj—mt (296)
t

The situation is similar to the case of the pseudoscalar A in (286). This leads to the result

2,2 2 2
. . gem; 5 q , q
_an(q) L’)\l} Lo {CUV (—mt + > — <mt — ) +
1672m3, 2 6

+ /o dzIn D‘Lgx) [m} — 3¢°2(1 — z)] } (297)

I1. Tadpole diagrams

Working in the unitary gauge there are eight diagrams of this type (and two with the
Goldstones in the R¢-gauges). We will not show all of them because they are similar one to
another. Moreover their total contribution to the tree relation m3 +m%, = m? +m% (i.e.
both the divergent and the finite part) in R¢-gauges exactly cancel (see [4]). The only graphs
that are not cancelled in the unitary gauge are the tadpoles including the pseudoscalar A.
We include also the tadpoles contributiong to the Goldstone boson propagator to use them
in the third chapter. Let us first deal with

II.a. Tadpoles containing A: There are two such graphs:

A A

—_——————— —
|

''h

|
d4]€ k —+ my

! O
_ Lo /—7 (208)
— T
JaAnIntt m3 (2m)% k2 — m?

The only thing to be done is to recall the relation (180) and the couplings (272) and (264)
to get the regularized contribution of this graph:

1 d*k i
(-1 S V) . -
( )gAAh m}QZ Ghtt 1T /(27T)4 k —my

2mymcosa 1 j m?

Then we use the relation

m%cos2Bsin(a + B) = misin(a — ) (300)
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which allows us to simplify the last result to the form

2,4 : 2
—ilht %cosa sin(a — 3) ﬁ (CUV +1—-1In 7;};) (301)
W

Similarly the next graph:

A A
-——— _. -————

I

|

A _ i Tr/ d'k

i = JAAH T o m?, 9Htt 20 K —m;
t
1 d4k % + me
= —9AAHYHu mZ, Tlf/i(%r)4 [ (302)

Utilising again (180),(276) and (265) we obtain

2 . . 2
- H¢ DR g “mzmusina 1 . . 1 3 my
B S a——— Y w mwsin3 @0%25 cos(a+5) 16n2 (CUV i u2> (308)

The relation

m%cos28 cos(a + B3) = m%cos(a — f3) (304)
simplifies (303) to the form
.THt DR 92771,15’l . 1 m%
7ZHA ~ 7WSIHOZ COS(Oé — ﬂ) @ CUV +1-— In ? (305)

I1.b. Tadpoles including Goldstone bosons:

G G G G

—_——————— — —_——_———— - -
| |

Ih "H

(306)
O O

The contributions of these graphs can be obtained immediately from the results for A.
Recalling relations (280)

gcGn +9aan =0  and  geem + gaam =0 (307)
we get
2,4 ‘ 2
tht DR g my : v my
) ) (A 7Wcosa sin(a — f) To-2 <CUV +1—-In 2 ) (308)
2,4 - 2
. Ht DR g my . . ¢ my
—irAt 2 m%,VTnﬂbma cos(a — ) T6n2 <CUV +1—1In 2 > (309)

C.2 Diagrams involving one supertop loop

The topic of this subsection is to write down all the necessary graphs involving one supertop
loop and their regularized contributions. The structure of the expressions coming from scalar
loops is much more simple than the same graph with top-quark loop, but the couplings are

very complicated due to the presence of the soft-supersymmetry breaking terms.
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I. Graphs dependent on the external momenta
There are 10 graphs to be investigated in the unitary gauge.(In the R¢-gauges there is one

additional graph containing Goldstone boson in this category.)

I.a. Diagrams involving h:

t
h AN h dk i i
Ceed p---iz=gr . / 310
\\/, Ihi i, (2m)i k2 — mtgl (k—q)? — mtgl (310)
t

We use (173) and (238) to get

2.0a
gm _ gmjcosa

J——s DR Z . .2
_zﬂzltl(q) ~ cosyy sin(a + ) (XCOSQQt + Ysin Gt) T sin 3 (311)
. 2 . 1 tit
gm,sin26, . 1 Dyt 1(x)
EE " (Aymgecosa — psina )} 162 Cuw — /0 dzIn —
And similarly the other graphs:
t
h AN h d*k i i
Loid -l / 312
\\/, hizts | (27)4 k2 — mZ (k—q)2 —mZ (312)
ty
o | gmyz . . m2cosa
_@H;ft? (q) 2z cgsﬂjv sin(a + 3) (Xs1n2€t + Ycoszet) — gnmt/Tnﬂ (313)
m,sin20 . 2 ! Dizt2(z)
gmtwﬁﬂt (Aymgeosa — psina )} 672 Cov — /0 dzln qT
ty
h PN h d4k i i
_———— _——-525(]2~~ / 314
\\§/, it [ (2r)1 k2 — mtgl (k—q)2— mtgz (314)
t
R, DR agmz . . .
—ill}'"?(q) ~ 2 | =———sin(a + 3) (—Xsinb; cosby + Ysinb; cosby ) — (315)
cosfyy
M cos20 . 2 ! Dhb (z)
_W (Aymgcosa — psina )] Ton2 Cuy /0 dzIn q;ﬂ

Lb. Diagrams involving H: The computation is straightforward - the only differences

come from the corresponding couplings.

ty
H PRk H d4k . .
""‘\ \,"-'Egiﬁ?lt}/@ )4k2_l 2 (k— )22_ 2 (316)
.~ ™ mt~1 q mt~1
t
e m . m2sina
—iII3" (q) % _cgsejv cos(a+ B) (Xcos?0; + Ysin®0, ) — fnmiTnﬁ_ (317)
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. 2 . 1 i1t
gm;sin20; . i D" ()
—Z———— (A 5 — |Gy — [ dzln—+——>
Sy sin (Aymgsina + /,LCObOé):l 62 |Cuv /0 zln 2
ta
H 7T H d*k j j
----4 \,""ngiff / 172 ' 2 2 2 (318)
. 22 ) 2m)tk? —mZ (k—q)* —mZ
ta
e m . m?sina
—ilI2" (q) % _cgsef‘/ cos(a + 3) (Xsin?0;, + Ycos®0, ) — fnv;Tnﬂ (319)
. 2 1 tat:
gm;sin26, . ) qu 2(x)
GBI 4 | Cp— [ deln =L
DS (Agmesina + pcosa )} 162 Cun /0 z1n e
t
H T H d*k j j
----¢ \,""5912%{ / 172 ' 2 22 2 (320)
N vz J(2m)t k? — mz (k—q)*— mz,
ta
TTLi2 () 2B gmz . .
—ill " (q) ~ 2 o8 cos(a + ) (—Xsinb; cost; + Ysinb; cosby ) — (321)
w

. 29 2 .
_gmasin2y e +ucosa)} -
Y

2myysin 3

1 DEIEZ
CUV - / dzln q72(x)
0 H

I.c. Diagrams involving A: There is only one graph of this type because of absence of
the At;t; and Afoty vertices in the theory.

t1
A 277N A dik 7 7
L 4 P N / 322
\\/’ Uy (2m)i k2 — mtgl (k—q)2— mtgz (322)
t
~ o~ gm 2
—ilht2(q) X2 | (A — psi 2
il (q) Dmysin (Asmgcos — psing)| x (323)

- 1 D{lfz T
x# lCUV — / dzIn qz()]
T 0 w

Note that the overall minus sign in (322) comes from the antisymmetry of the Af;#y vertex.

I.d. Diagrams involving Goldstone boson G: Working in the B¢ gauges we have to
investigate graphs containing Goldstone bosons. There is only one of them in this category.

The neutral Goldstone boson G is a pseudoscalar like the A so the results are similar:

ty
G 7N G Ak i i
___.-‘ -————— — 2~~ / 324
\\‘/? 9Git, (2m) k2 — mtgl (k—q)2— mi (324)
t
~ o~ gm 2
. D .
S 22 | (masing + peosd) | 1929

. 1 Dtz (z)
L q
X@ [CUV — /0 dzn AL2‘|
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I.e. Diagrams containing the intermediate Z boson: There are three of these graphs
used in the text. Having prepared (193) the regularisation is straightforward and gives:
t
TN d*k i(2k —p)*  i(2k —p)¥
f\/\/\a‘ G2 - / 326
r\r\m Zf1t1 (271.)4 k2 — mtgl (k‘ _ q)z _ mtgl ( )

\-/

t
We use expresions (193) and (249) to get

2
PR v DR g .
_ZHtthl(q)“ DR |:COSOW (—Xcoszet —&—Ysm29t)} X (327)
v, 2 v
16”2 {CUV [3 (¢"q" — g""¢%) +2m? ¢ } +
2 1 Dtlgl T
+g" (2m§1 —qg) /dx |0 (1 = 20)? + 2" D" ()| In qﬂz( )}
Similarly the next two diagrams:
ta
TN d*k i(2k —p)*  i(2k — p)¥
f\/\/\,‘ g - / 328
. "W“‘ 927t55 (2m)d k2 — m% (k—q)? — mtg (328)
_, 2 2
ta
~ o~ g 2
rrtat v DR in2 2
—iTT% () % |:COSGW (—Xsin®0; + Ycos Ht)} X (329)
1 v v 2 2 v
16 — {CUV [3 (¢"q" = " q*) + 2m3 g" } +
2 1 o Df2t~2 (.T)
LV q 17 v L
rar (= ) [Lae a0 20 2D u}
0 H
t
Z TN Z 9 d*k i(2k —p)*  i(2k — p)¥
f\.r\.r\.‘\ /,\/\r\.; = 29754, /( K —mZ (k=) — m? (330)
Se - t1 ty
to ,
—ingZIt~2 (@) X 2 { J (Xsind, cosf; + Ysinb, cosb, )} X (331)
cosOy,

167r2 3

2 1 o Dt~152 T
+9" (mtgl + mtg2 - q) 7/0 dx {q“q”(l —2z)% + 29" Dyt (x)} In q()}

i 1
{Cw [ (¢"q" — 9" q°) + (m3, +m7 )g’*“] +
3

I1. The tadpole graphs

The situation in the sector of the tadpole-graphs containing one supertop loop is similar
to the top-quark tadpoles, i.e. large cancellation of contributions occur. The rest of them
(there are 4 graphs involving the pseudoscalar A in the unitary gauge and 4 more graphs
involving Goldstones must be taken into account in Re-gauges) will be discussed in this

paragraph. The regularisation is easy (see top-quark loops) with the results:
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II.a. Tadpoles containing A: As we have already said there are four graphs of this type:

A A
____?____
'h
! i d*k i
= gasn—s Gz g e T 332
) l,,‘\‘ gAAhmightltl /(27T)4 k2 _mtgl ( )
tl \ )

Recalling relations (180), (300), (272) and (238) we obtain the result :

. 2
it BB g amz . Xcos2l Vsin26, ) — gmgcosa 333
iITy I | cosbor sin(a + ) ( cos“0; + Ysin t) 7mwsinﬁ (333)
. ) 2
mysin26 . . i mg
_gmiyﬁﬁt (Asmecosa — psina )} sin(a — ) 1672 mtg1 (CUV +1—-In H; >
The next graphs are evaluated in a similar way.
A A
-——— _. -————
I
'h
! i d*k i
= —gaah—50hinis | 5 i 1T T 334
] /,L\‘ JAAR m}% Ihisis /(%)4 2 mti (334)
to |
~_.7
with the result
. 2
it 28 9 gmz . Xsin20 Veos20, ) — gmjcosa 335
iII, Sy | cosbun sin(a + ) ( sin“8; + Y cos t) 7mwsinﬁ (335)
. 2
mysin26 . . i m#
gmtwﬁﬂt (Aymgecosa — psina )} sin(a — ) 62 mi (CUV +1—1n ;22)
The same can be done for the graphs with H instead of h:
A A
-—— —. -—— = -
I
' H
! i d*k i
=- —5 9t | Toa s o 336
} //‘\‘ JAAH m%] Iniit, /(277)4 k2 — mtg ( )
i1 '\ | 1
L/
~ 2 .
_TpHb BB g gmz Xcos?l Vin20 gmgsino 337
I I | costy cos(a+ ) ( cos“0; + Ysin t) + wsing (337)
. . 2
msin26 . 7 mg
792mi/vsinﬂt (Aymesina + pcosa )} cos(a — ) 162 m%l (CUV +1—In ,utz )
Here we have used the relation (304).And the last diagram:
A A
-——— —. -————
I
I
A B i / d*k i (338)
R //‘\‘ = —YAAH m;{ Ihiyi, (27‘(’)4 k2 _ mtg
tQ '\ /l 2
-~ 2 .
[Tt ) gmz . Xsin26 Yeos20 gmisina 339
il Sy | cos0 cos(a+ ) (Xsin6; + Ycos®6, ) + sin (339)

gmysin26,

. m2
(Asmesina + pcosa )} cos(a — 3) ! m%z (CUV +1—1In ,ut22

2mysin 1672
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IL.b. Tadpoles containing G: The contributions of the graphs

G G G G G G G G
T T
' ' h | [ | H
| | | |
'S e S 'S (340)
P ™ =7 N s ) ™ ~ 7 N
t1 ' /l to ' /I t1 ' ,l to ' /l

-

can be easily obtained from the previous results for A recalling the relations gagn+9gaan =0

and goag + gaag = 0. The final results sound:

fiﬂgl o fﬁ Lg:;fv sin(a + 3) (Xcos?0; + Ysin®0, ) — ‘m (341)
_% (Agmecosa — psina )} sin(a — ) 16;2 "mtg1 (CUV +1—-1In TZ; >
fiH’CLf"‘ < fﬁ Lg:;fv sin(a + 3) (Xsin?0;, + Ycos®0, ) — ‘m+ (342)
% (Aymgecosa — psina )} sin(a — ) 162_2 mtg2 (CUV +1—-1In TZ%)
—ngfl o —ﬁ Lg:;fv cos(a + 3) (Xcos?0, + Ysin®0, ) + m+ (343)
% (Aymgsina + pcosa )} cos(a — ) 16;2 m%1 (CUV +1-1In ﬂ;il)
—iﬂgf"‘ ~ —ﬁ Lg:;fv cos(a + 3) (Xsin?6; + Ycos®0, ) + m— (344)

gmysin26;

. 2
) mz
(Aymgsina + pcosa )} cos(a — ) 162 mi (CUV +1—In ,ut22>

2myysin3

ITI. The seagull graphs
The so-called seagull diagrams appear through the fact that there exists also a quartic inter-
action among the scalars in the theory. In the fermionic sector this possibility is forbidden
by the fact, that the vertices describing direct interactions of two fermions with two scalars
would cause a nonrenormalizability of the theory. (The mass-dimension of such terms would
be 5, which implies a negative dimension of relevant coupling and problems with the so-called
tree-unitarity of the theory; see for example [13].)

There are ten seagull diagrams to be considered in this paragraph (two of them involving
Goldstone boson). Their structure is practically the same as the structure of the tadpole
diagrams investigated above so the comments will be brief. The first of them:
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IIT.a. Seagulls including h: The regularisation is straightforward. Reminding (180)
and the cuplings (252) - (257) we can write

h h d*k i
e g ——— =g, [— — 345
7\ gh}Lt1t1 /(277)4 k2 — mtgl ( )
\
t
_ 2 2,202
) AR 2a (Xcos20, + Ysin2g,) — I8 ¢
i 2cos20yy cos2 (Xeos™6, +Ysin'6, ) 2m3,sin’ 3
2 mtgl
X Tgm2 M, Cow+1l—In 2 (346)
Similarly for #,:
h h /d4k i
—— o — ) — w— — —— E g ~ o~ i —
,-’.\l hhizts (2m)4 k2 — mi
\\—,
ta
. 2 2,2, 2
e 90 (Xsin20 + Veos20,) — I-Micos”a
oLl 900520y cos2a ( sm-f; + Y cos t) 72m%,vsin2ﬂ
2 (ot 11 ™ 347
X 1672 mg, ov +1—=In 2 (347)

III.b. Seagulls including H: The situation is similar to the case of the h scalar above:

H H d*k i

ity i EgHHfE/iig
I e @2m)t k2 —m2
\

S =

t
] 5 2,205 2
il |9 on (Xeos20, + YVsin20 g mysin
H 2cos20y, cos2ax (Xoos™0; +Vsin0r) + 2miysin®
i my
X 1672 mtgl <CUV +1—1In ’u;l ) (348)
H H d*k i
__--I-/o\ ----- :gHHtm/Wkg_mt%z
\\‘,
t
) ) 2, 2.2
B 'th [,)3 g 9 Xsi 29 Y 29 w
“a 205200 (Xsin6, +Yeos'd:) + 2msin” 3
i m;
X 1672 mtgz (CUV +1—1In U;2> (349)
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III.c. Seagulls including A: There are two graphs belonging to this cathegory:

A A B d*k )
————I’\ ————— = 9AAt 1 /Wm
] "
\\—,
ty
I G 972(30525 (Xcos®0; + Ysin6, ) — MtanQB X
A 2cos20y ! ! 2mgy,
i o (e 350
T Rl .
A A B d*k ]
e [
A 2
\\—,
t

2

i, DR 92 2 2 927”? 2
—ilrz ~ - [200829Wc0325 (Xsin 0; + Ycos 0,5) — 2than G| x

: e 1-1 mi 351
X167r2mfz wtl—In M2 ( )

ITI.d. Seagulls including Z boson: We will also need contributions of two seagull
graphs with Z boson. These graphs are in fact the only seagulls diagrams that contribute

nontrivially to the computations performed in the second chapter.

Z Z / d*k g™
ANANAANANANN = i | s
I Jechn (2m)* k2 — m%
\\_,' !
t
fi(Hgl)‘“’ P —g" 292 (X2c0s29t +Y28in29t) X
z cos20y,
i 2
2 t1
X 162 ms, (CUV +1—-In 2 ) (352)
and
Z VA / d*k gt
ANANANASNANN = P e
el 92zt | om)i k2 —m2
1
\\—,
ty
Ly B g [ B (2%, Y08
2 ~ g o2y ( sin“fy + cos t) X
. 2
X ! 3 'I’I’lt2 CUV +1-— In mg2 (353)
167 2 o
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ITIl.e. Seagulls including Goldstone boson G: There are two more graphs to be

considered in the case that we are not working in the unitary gauge:

G G / d*k i
— e o ol - = — — — E g ~1 ~1 e —
I-’.\I Gty [ (or)4 k2 — mtg1
\\‘,
t
—i = LcosQﬂ (Xcos®0, + Ysin®6, ) + g mi X
G 2c0s20yw t ¢ 2m%,
2
w2 Cop 41— (354)
1672t v U2
G G_ / 'k
I_'.\I = Jecit: (2m)* k2 — mti
\\’,
ts
I P IR (Xsin20, + Ycos20,) + gmil
G 2c0s20y K ! 2m,
2
wtom2 (o 1 -tz (355)
1672t uv ’u2

The set of the necessary Feynman graphs is now complete so we can finish this Appendix.
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D The Minimal Supersymmetric Standard Model (MSSM)

The main topic of this Appendix is to recall the basic structure of the Minimal Supersym-
metric (extension of the) Standard Model which is investigated in this work. More precisely,
we will deal with the electroweak part of the full MSSM (generally containing SU(3) chro-
modynamic). There are several excellent information sources in the literature (for example
the ’classical’ SUSY book of J.Wess [18] and monographies [17],[11],[7]) so this review will
be very brief. In the second part of it we focus on the Higgs sector of this model to derive
the explicit form of the Higgs potential.

We are going to work in the superspace formulation which provides the most elegant way
how to express the Lagrangian of the theory. The basics of this formalism can be found for

example in [18] or [17] .

D.1 Definition of the MSSM

D.1.1 Superfields and particle content

The (electroweak) MSSM can be generally defined as an N = 1 supersymmetric (SUSY)
nonabelian SU(2), ®U (1) R-parity conserving gauge field theory with a softly broken global
supersymmetry and a minimal particle content. This quite abstract definition need some

comments:

e The term N = 1 supersymmetry means that there is only one supersymetry generator
in the super-Poincaré algebra (see [16],[3]).

e The gauge group is the same as in the case of the original GSW Standard model, i.e.
SU(2),®U(1).

e The requirement of the exact R-parity conserving prevents the theory from some phys-
ically unacceptable results like a fast nucleon decay rates, because it forbids several

types of interactions responsible for that.

e The soft SUSY-breaking is a mechanism which is used to shift the masses of the
superpartners above the experimentally observable region (note that up to now no
superparticle was observed). A good review of the SUSY-breaking sector can be found
for example in [14] or [17]. Being very accurate the presence of the soft-SUSY breaking
terms causes that the MSSM is not supersymmetric, but it can be viewed as a low
energy limit of a SUGRA theory [18].

e The term 'minimal particle content’ means tree generations of quarks and leptons, four

gauge bosons, two Higgs doublets and the superpartners of all these particles.

Detailed discussions of these properties can be found in the literature [17] so we omit any
further comments. Let us now start with the explicit formulation of the model. We follow
the construction written in the monography [17].

The first thing to be done is to built up the superfields necessary to describe all the
known electroweakly interacting particles in the nature. All the ordinary matter fields are
contained in the so called chiral superfields. Any chiral superfield can be written in the form
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(using the superspace formalism)

~ _ ~ . ~ 1 _ . ~
$,0.0) = S(@)+i0°01,0°0,8(2) = 70°02040°0"0,5 (=) +
FV20% S, () + éeaeaéda“ﬁdaﬂsﬁ(x) + 0%0, Fs(x) (356)

For example the (left-handed) lepton chiral superfield describing the left-handed leptons and
their superpartners can be obtained via identification S = Ly, (i.e. S = f/f, S = l~/f and
Fs = F;) which gives

- L 1 . -
L@,0,0) = Ly(e)+i0°040%0,L;(x) = ;0°0a040°0" 0, Ls() +

[} { « n =upBa e
+v/260 Lfa(x)+ﬁo 00056"7%0, Lyg(x) +0%0,Fy,(z)  (357)

Ef_<’j{), Lf_<’;j:> and FLf_<§;> (358)

(note that the left-handed leptons are arranged into dublets). The entries of the vectors

where

above are identified with the physical fields in the following way: scalars 7y and fL are the
so-called neutralinos and the (left) sleptons which are the superpartners of the leptons v and
f1. (described by two-component Weyl spinors). F* and FLf are auxiliary fields.

The same identification can be done for all the chiral matter superfields of the theory.
We write down only the component form of the multiplets corresponding to the following
assignements: S = Ry for the right-handed lepton supersinglet, S = @ for the left-handed
quark superdublet, S = U for the right handed up-quark supersinglet, S = Dy for the
right-handed down-quark supersinglet and S = H; o for both the Higghs supermultiplets.
In component notation this corresponds to

Ry=fS , Ry=fu and Fg,=F] (359)

T

(Note that we assume the purely left-handed neutrino so the right-handed leptons are singlets

as in the GWS model. The superpartner ¢ of the neutrino is called neutralino.)

- i Fus

Qs = ( ur ) . Q= ( s ) and  Fg, = ( . ) (360)
c d : Fis
f L f L L

(all the left-handed quarks belong to dublets, right-handed quarks are singlets; the up quarks
are massive so we have to insert the up right-handed component which causes (optical)
asymetry between the quarks and leptons)

Up =i, Ur=usp and  Fy, =F’ (361)

Dy=d$, , Dy=dp and  Fp, =Fy (362)

(the quarks are denoted by us and ds and their superpartners - squarks by @ and d; the
superscript ¢ means the charge conjugation [3])

_ Hl B 1 Fl
H=| 11|, H= wgfl and  Fg,=( O (363)
Hi Vv, F%
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~ 1 ~ 1 1
H, = H22 , H, = %2112 and Fp, = FI;"‘ (364)
H; Vi, Fy,

The fields H]Z correspond to the Higgs bosons and 1/1}{]_ denote their superpartners called
higgsinos. As usual the F fields are auxiliary.

The next ingredience of the model are the so called gauge superfields which contain the
usual gauge bosons and their superpartners - gauginos. A general gauge superfield can be

written in the form
N _ _. _ . . 1 .
X(z,0,0) = —a%gdeaxu(a:) + 090,01 () — 105090% N (z) + §9a9a0d6°‘D(a:) (365)

The gauge superfields are some Lie-algebra valued functions; this can be expressed by the
identifications A = A*T® (for the SU(2), gauge superfield) and B = B'Yy (in the case of
the U(1) gauge superfield). T* and Y;, are generators of the corresponding representations
of the gauge groups and A% and B’ are some ordinary superfields. Thus the SU(2), and
U(1) gauge superfields can be recast

A(@,0,0) = —0%0h.0%A%()T* +i00a0s X" (x)T* — i0,0%0°\% (2) T +
1 .
+50%0a050° D" ()T (366)
B(2,0,0) = —0%".0%B,(x)Yy + i0*0a0a X (2)Yy — i050%0° N, (2) Yy +
450080 D () Yy (367)

The fields Af, and B, correspond to the usual SM gauge fields 'responsible’ for the Z, w#*
bosons and photon, while the (spinor) fields A* and X\’ correspond to their superpartners
called gauginos (zino, winos and photino). D® and D’ are some nonphysical auxiliary fields.

D.1.2 Lagrangian of the MSSM
The Lagrangian of the (electroweak) MSSM can be written in the form [17]
EI\’TSSM = ESUSY + LSOF'I‘ (368)

where the term Lgygy is the SUSY-invariant part and the Lgopr is the so-called soft super-

symmetry breaking term. The part Lsysy can be expanded in the form
‘CSUSY = ELEPTON + ‘CQUARK + ‘CHIGGS + ‘CGAUGE + ‘CSUPERPOT (369)

The terms Lippron, Louark and Lyces contain the lepton, quark and Higgs chiral superfields,
Leavee corresponds to the gauge-boson vector superfield and the term Lgypprpor contains

the so called superpotential. In the superspace formalism these terms can be written in the

form:
ELEPTON = /d40 Z {E}G(i’f)i’f + }?}G(éf)}?f} (370)
f
Louark = /d492 {Q}G(Qf)éf +ULG(U)Us + E;G(ﬁf)[)f} (371)
f
Lonces = / 4% [ﬁj G(H)H, + HQG(HQ)E{Q} (372)
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Lorvgs = i / 40 [(W“awg HWOWL) 6%(0) + (VT/(;‘VT/“d + W’dW’d) 52(9)} (373)

Lovmenror — / a0 [Ws2(0) + W (0)] (374)

Here we have used the following notation: Hatted quantities denote the chiral or gauge
superfields defined above. W and Wy are some auxiliary (spinorial) quantities which will
be defined below and W is the superpotential. Next, the operator

G(S) = exp (ng(S) + 29'3(5)) = exp (2gAaTa(S) + Qg'B'YW(S)) (375)

corresponds to the gauge transformation. A® and B’ are the gauge-boson vector super-

fields defined above , T%(S) and Yy (S) are the generators of the corresponding SU(2), and
U(1) representations and constants g and ¢’ are the usual gauge coupling constants. The
eigenvalues of the weak hypercharge operator are defined in the usual way [13]

Yo =Q T3 (376)

The hypercharges Yy, and isospins T of all the relevant superfields are written in the table

Superfield | Yy | T
L ~1 11| dublet
R 1| 0 | singlet
Q L1 11 dublet
U — % 0 | singlet
D £ | 0| singlet
b2 ~1 1 1| dublet
H, 11 1| dublet

Table 1: Superfield isospins and weak hypercharges

The remaining quantities are defined as follows: The auxiliary spinors:

1. . ; i

we = 5 DD exp(—2gA“T*)D,, exp(2gA“T*) (377)
g
L X )

W= 57 D" exp(—2¢' B'Yy) Dy exp(2¢'B'Y') (378)

The D symbols here are the so-called fermionic derivatives [18] defined in the way

0 - uoaa 0 ~s O - afapon O
DQ—W‘F'LO—O@[@ @ D —%—15 0 055% (379)
Note that the diagonality of Yy allows us to simplify (378) into the form

1- . N
W, = =7DaD*DoB'Ys, (380)
The superpotential W is defined by ([17],[14],[3])

W =& (FHILR+ fLEIQID + L HQ'0 + phi{ 1)) (381)
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This quantity corresponds to the SM Yukawa Lagrangian (the three first terms) and the
Higgs mass term. (In fact, this is not the most general SUSY and gauge invariant su-
perpotential. There are four additional possible terms: af’ *QiLiDF, as LILIRF, ofLiH,

tion. They are removed by the requirement of exact R-symmetry.) Note that the constants
f are connected with the corresponding fermion masses by the relations f = ﬁmlvf L
f1= \/imdvfl and f = \/imuvgl.

To proceed, we have to write down the explicit form of the soft-SUSY breaking terms
contained in Lgopr (see [17],[14]):

Lsorr = Lsu + Len (382)
where the part
Lo =— /d40 [M2ETL + MZRR + M2QTQ + M2UTD + MZDUD+

+m2HL L + m2HL Hy — m2e¥ (Hgﬁg’ + h.c.)} 5(0,0) (383)
is the so-called scalar mass term and
1 o I - & _
Low=3 / 40 [(MWWW(‘; + MWW + (ngww MWW )} 54(0,0) (384)

is the gauge mass term. The definition of the MSSM in the superspace formalism is now
complete. But this is not the end of the story. To use the standard quantisation techniques
we have to transform the whole theory into the ordinary Minkowski-space formulation. This

procedure consists of several steps:
e calculation of the necessary superfield products arising from the Lagrangian

e Berezin integration (see [17]); performing this operation the theory is contracted from

the superspace to the ordinary Minkowski space

e elimination of all the auxiliary F' and D fields using the Euler-Lagrange equations of

motion
e transformation of the Lagrangian into the four-component (bispinor) formalism

e rediagonalisation of the kinetic terms in order to reformulate the theory into the phys-

ical basis

D.2 Derivation of the Higgs potential Vs

In this section we are going to derive the component form of the MSSM Higgs potential;
we use it in the first chapter to investigate the Higgs sector mass-squared matrix. Moreover
it is an example how to use the list above to convert the part of the theory from the
superformalism to the usual component form. Of course we are forced to omit a lot of

details; the explicit discussion of the following calculation can be found for example in [17].
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The terms contributing to the Higgs potential come from four sources: Lugas, Leavaes

Lsuperror and Lgy. Let us first investigate the term Lyjas:
Linaas = /d49 [IA{I exp (QgAaT“ + Qg’BYW)I;Tl + ﬁ; exp (2gA“Ta + Qg/Bwi)ﬁQ} (385)
The only relevant contribution to the Higgs potential Viqqs descents from the expression
aj (1 +2g AT + 2g'B’YW) i + A (1 +2g AT + 2g’B'YW) H,
obtained from the Taylor expansion of the exp; it generates (after some algebra)
Fl, Fy, + Fl, F, + H{ (¢D°T + ¢'D'Yy)H, + H}(gD°T" + g'D'Yy;) Ho (386)

The other terms are not important because they contain non-Higgs fields and do not affect
Vinges- The auxiliary fields F};Il and F}Iz are connected to the Higgs fields H f and H§ in
the way

Fi, = —pe T HY ...
Fhy, = peHP 4 ... (387)
Similarly the (vector) auxiliary fields D* and D’:

D" = —g(H{T“Hy+ HJT"Hy)+ ...
D' = —g/(H{Y\H + H]Y\Hy) + ... (388)

These statements can be derived from the sum of all the auxiliary fields in L5y using the
Euler-Lagrange equations. With the help of the table (1) we can rewrite (386) to the form

/2 2
ViD= 2 (HI Hy + HZTHQ) g (HITH, + HJTH,)? + gj (HlT Hy — HQTHQ) (389)

(The minus sign was droped because of the conventional —V in the Lagrangian.)

Next, let us investigate the Lgayer term. It can be proven (see for example [17]) that
the only terms relevant for the Higgs potential construction are again only these involving
auxiliary fields D® and D’:

1
Losvee = 5 (DaDa + Dlz) +... (390)

The bracket can be transformed using (387) and (388) into the second part of Vijeas

2 12 2
V2 = —%(HITGHl + HITHy)? — % (Hj Hy — HJHQ) (391)
Next, the Lagrangian part Lsyperpor gives [14],[17]
Lowrppor = pe |HIF), + HI*F}f + HiF}, + HgFH} . (392)

Utilising (387) this contribution turns to be zero.
The last thing to be done is to calculate the part of the potential coming from the soft
supersymmetry breaking term Lgy,. It is not so hard to obtain the three relevant terms:

Loy = —m2H]Hy — m2H} Hy + m2e (H;‘Hg n h.c.) r=vB o (393)
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Collecting the partial results (389),(391) and (393) we can conclude

Vi = (md + ) H{ Hy + (m§ + ) H} Hy — m3='d (HIH + hee.) +
g9’ g° 2
+ SHTH + HT ) + % (sl iy — i, ) (394)

In the last step we can simplify this result using the explicit form of the T generators in
the relevant two-dimensional representation of the SU(2).; these operators are proportional
to the Pauli-matrices: 7% = $0. Following [17] it is easy to obtain

Vinees = (m% + N2)HIH1 + (mg + UQ)H;HQ - m%‘?ij (Hng + h'c') +
2 2 1 2
+ L |ulm] + < (8 +¢°) (ulm - mim,) (395)

which concludes this Appendix.
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