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4.2.1 Poincaré Sections at Varying Energy. . . . . . . . . . . . . . 41
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Ústav částicové a jaderné fyziky
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pre popis kolekt́ıvnej jadrovej dynamiky. Je odvodená klasická limita mod-
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chaotic dynamics in the classical limit of Interacting Boson Model (IBM) with
total angular momentum L = 0. At the beginning collective dynamical coor-
dinates are introduced in the Geometric Collective Model (GCM). Then the
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Preface

Atomic nuclei are many particle objects and in general typical examples of non-
integrable systems1. They were historically the first physical systems in which
spectra with properties typical of chaotic dynamics2 were observed and studied.

Chaotic behaviour of nuclei may be studied in both single particle and collective
models. The collective models, on the contrary to the single particle models, do not
consider states of individual nucleons, but rather describe the nucleus as a whole
using variables like the radius, multipole moments, deformation of the surface, etc.
Although nuclei are microscopic objects, it is reasonable to study dynamics also
in the classical versions of nuclear models since they provide a helpful intuitive
picture which is moreover closely related to quantal properties.

Quite remarkably, it turns out that it is possible to find semiclassical ap-
proximative formulae, that require only the characteristics of periodic trajectories
of the classical counterpart of the quantum system, to calculate the quantum
energy-level density3. The first of them was derived by Gutzwiller [15] and holds
for non-integrable systems4, in which the periodic trajectories are isolated. Berry
and Tabor [16] later found a similar formula for integrable systems.

The energy level density as a function of energy may be split into two parts,
the smooth and the fluctuating. The former depends on the available phase-space
volume, the latter may be aproximated by the semiclassical formulae. The fluctu-
ating part is responsible for the shell effects in atomic and nuclear spectra5.

These formulae, having the form of infinite series, are in general inconvenient
for practical calculation of spectral densities. However, some studies6 of simple
systems with hard-wall potentials — the so-called billiards7 show, that counting
only first few terms may reproduce the most essential features of the spectrum.

1These are systems with N degrees of freedom possessing less than N integrals of motion, hence their
behaviour may become chaotic. They will be discussed later in chapter 2.

2The phenomena, generally spoken about as of “Quantum chaos”, must be understood as the effects
observed in systems that have chaotic classical counterparts. Chaos is defined only on the classical level
as the sensitivity of the behaviour to small changes of initial conditions. It may occur only in systems
having nonlinear equations of motion. However, the solutions of the Schrödinger equation cannot be
chaotic, since it is linear. Further discussion may be found in chapter 2.

3The periodic orbit theory will be discussed in more detail in the chapter 3.
4More precisely: in systems showing ‘hard chaos’, where almost all of the trajectories are ergodic ,

ie. in the limit of infinite time approaching every point of the available phase space infinitely closely
5. . . since it describes the bunching of the levels together around certain values of energy and formation

of ‘empty gaps’ at other energies.
6eg. Mottelson’s work [17] on metallic clusters
7These are systems consisting of a point mass moving inside a N-dimensional infinite potential well.

The geometric shape of the cavity with the finite constant potential is varied in individual numerical
experiments, cf. eg. [17, 6, 19]

vii



Almost all8 of the work done so far concerning the semiclassical analyses of
quantal spectra has been limited to studies of these simple ‘billiard’ systems.
The reason for it is that the periodic trajectories therein can be found from the
geometry of the cavity. The motion of the point mass is ruled simply by the
reflection law.

In the systems with ‘soft’ potential, finding the periodic orbits is more involved
since the trajectories are not known a priori and need to be found solving the
equations of motion. In our work, we studied numerically the classical limit of the
Interacting Boson Model of nuclear dynamics at zero angular momentum L. Our
aim was to visualise9 the motions in the phase space using the method of Poincaré
sections and to draw the trajectories in the configuration space. The model shows
very interesting and non-trivial interplay of chaotic and regular behaviour, when
changing the parameters of the Hamiltonian or the total energy of the system.

The first three chapters of this diploma thesis contain the theoretical intro-
duction. The chapter 1 presents two models of collective nuclear motion. We
introduce the deformations of the nuclear surface as collective dynamical variables
in the geometric model GCM. Then we discuss the boson model IBM and derive
it’s classical limit. Selected features of chaotic behaviour in classical mechani-
cal systems are presented in chapter 2. There we also describe the method of
Poincaré sections. In chapter 3, we reproduce the essential steps in derivation
of the Gutzwiller trace formula to show why only periodic trajectories contribute
to semiclassical approximations of level density. Also the meaning of quantities
found in the final form of the Gutzwiller and Berry-Tabor trace formulae is ex-
plained. These chapters in general do not contain our own ideas, we derived only
the classical Hamiltonian and the equations of motion (not the method itself) for
the particular case of IBM Hamiltonian in η − χ−parametrisation at L = 0.

The original contribution of this work is presented in chapter 4 with the sum-
marisation of the observed effects in part 4.4. For sake of fluency of the presenta-
tion, the explanation of numerical methods and the complete “atlas” of Poincaré
sections were excluded into appendices.

One part of our work compares the classical IBM dynamics with the Geometric
Collective Model studied in [34, 35]. In the main part, we explored the parametric
space of the IBM at various energies and searched for the periodic trajectories,
which may, with the help of semiclassical formulae, provide a new insight into the
observed fluctuations of quantal IBM spectra at L = 0 studied in [36].

8Perhaps except of studies of hydrogen atom in strong magnetic field.
9The parameter space of the model IBM has already been explored by Alhassid and others [21, 23]

studying the measures of regularity/chaos, but the semiclassical analysis has not been done so far.



Chapter 1

Collective Models of Nuclei

In this chapter, we are going to sketch the basic ideas that lead to the construction
of collective models of atomic nuclei1. We speak about “models” of nuclei because
until now, people have not been able to calculate properties of individual nuclei
from the first principles, solving the many body Schrödinger equation. Rather,
specific properties are described by suitable simplifying assumptions.

One of fundamental tools describing properties of atomic nuclei is the shell
model. It considers the nucleons to be independent noninteracting particles moving
inside an external potential well. The “external” potential is however a mean field2

created by the mutual interaction of nucleons. The fact that the nucleus may be
viewed3 as a potential well containing noninteracting particles is surprising and is
caused by specific properties of internucleon interaction.

Spectra of some nuclei cannot be explained by an assumption of stationary
mean field, however supposing that the shape of the mean field vibrates or rotates
leads to a much better agreement with experimental data. Thus in these cases,
the motion of single nucleons must be correlated, giving rise to a collective motion.

Collective models, contrary to single particle ones, describe the motions exhib-
ited by the nucleus as a whole, not considering the behavior of individual nucleons.
They use collective coordinates which describe the interplay of nuclear vibrations
and rotations. The role of collective coordinates4 may be played for example
by the radius, the multipole moments of nucleus, parameters characterising the
deformation of nuclear surface (or more accurately of the mean field), etc. To
explain experimental data, often the collective and single particle approaches are
combined.

In the following section, we are going to expand the nuclear radius into spherical
harmonics, which will lead us to construction of the Geometric Collective Model

1The section about GCM is based on the book by Greiner and Maruhn [1], and the diploma thesis by
Pavel Stránský [34], the section about IBM on the book by Arima and Iachello [4] and also the review
article by Elliot [5].

2Several methods are used to calculate the mean field starting from the many particle Hamiltonian
of a given nucleus, for example various modifications of Hartree-Fock method and others. We will
not discuss them in this work. The mean field may serve as the “external” potential for shell model
calculations.

3The observed physical quantities may be reproduced by calculations based on these model ideas.
4Important property of these quantities is their tensor character with respect to rotations. It allows

construction of “obviously” rotation-invariant Hamiltonian.

1



2 CHAPTER 1. COLLECTIVE MODELS OF NUCLEI

(GCM). In the second section, a purely algebraic approach will ‘bring to life’ the
Interacting Boson Model (IBM)5.

1.1 GCM - The Geometric Model

1.1.1 General Parametrization of the Nuclear Surface

The aim of the section about the Geometric Collective Model is to introduce the
concepts of multipole deformations of nuclear surface, which will be very helpful
for an intuitive interpretation of the classical limit of IBM. If the explanation of
some statements presented here would seem unsatisfactory, the reader is kindly
suggested to consult the diploma thesis of Pavel Stránský [34], which is dedicated
to the geometric model, or the book [1]. The geometric approach to description
of atomic nuclei was originally proposed by Bohr and Mottelson [14].

For this moment, we are going to consider the nucleus to be a drop of homo-
geneous, incompressible liquid6. The collective motion of the nuclear drop will be
studied with the help of coordinates describing the shape of it’s surface.

To meet this purpose, we will think of the drop radius as of a function of angles
(θ, φ) and expand it into spherical harmonics Yλ,µ(θ, φ), which form a suitable
basis:

R(θ, φ, t) = R0



1 +
∞
∑

λ=0

λ
∑

µ=−λ
α∗

λµ(t)Yλµ(θ, φ)



 , (1.1)

where αλµ(t) are the time dependent coefficients, that express the deformation of
the drop at time t. R0 is the radius of a spherical drop, in case all αλµ(t) = 0.
The expansion (1.1) is commonly called the multipole expansion.

The radius R (θ, φ) is a real number, it must transform as a scalar 7 under
rotations and it must be invariant with respect to the parity operation. These
facts, hand in hand with the properties of spherical harmonics, will lead to three
constraints on the properties of αλµ(t).

Firstly, since Y ∗
λµ(θ, φ) = (−1)µ Yλ−µ(θ, φ), the coefficients must satisfy:

α∗
λµ = (−1)µ αλ−µ (1.2)

to make the radius real. The second constraint follows from the transformation
property of spherical harmonics with respect to rotations. The rotation of the
reference frame by space angle Ω changes the direction (θ, φ) to (θ′, φ′) and we
have to describe the radius by a new function R′ (θ′, φ′) satisfying

R′ (θ′, φ′) = R (θ, φ) , (1.3)

R′(θ′, φ′, t) = R0



1 +
∞
∑

λ=0

λ
∑

µ=−λ
α∗

λµ
′(t)Y ′

λµ(θ′, φ′)



 . (1.4)

5In some literature also called IBA - the “Interacting Boson Approximation”.
6This unashamedly näıve assumption leads to very good predictions of binding energies per nucleon by

the simple Weiszäcker formula (cf. [1, 3]), which also predicts the existence of the “valley of β-stability”
7Or a tensor of rank zero; the tensors of rank zero commute with the angular momentum ~J , which

is the generator of rotations in 3D. See [1, 34].



1.1. GCM - THE GEOMETRIC MODEL 3

The spherical harmonics transform by the D-functions

Y ′
λµ(θ′, φ′) =

∑

µ′

D(λ)
µµ′(Ω)Yλµ′(θ, φ), (1.5)

in which the angle of rotation “is hidden”8. They satisfy an orthogonality relation9

∑

m′ D∗λ
mm′Dλ

m′m′′ = δmm′′ . Therefore the coefficients α∗
λµ must transform according

to

α∗
λµ

′ =
∑

µ′

D∗(λ)
µµ′ (Ω)α∗

λµ′ , (1.6)

which means, that they also form a spherical tensor of rank λ. This property will
be of use in subsection 1.1.4 when constructing a rotation-invariant Lagrangian of
the Geometric Collective Model.

Similar argumentation holds for the behaviour of αλµ with respect to parity.
The parity of spherical harmonics is (−1)λ and such must also be the parity of
αλµ.

1.1.2 Types of Multipole Deformations

In this section, the meaning of individual terms in the expansion (1.1) will be
explained. Detailed reasoning may be found in the book [1]. Plain sections through
nuclear shapes with deformation of order λ = 1, 2, 3 are presented in fig.(1.1).

1. The monopole mode λ = 0: The spherical harmonic Y00 is constant, so
the variation of coefficient α00 corresponds to changes of the radius of the
sphere. This is the so-called breathing mode of nuclear vibrations. The energy
required for the compression of nuclear matter10 is relatively very high, and
is not usually taken into account while treating low energy excitations11. We
will neglect it as well.

2. The dipole mode λ = 1: The changes of α1µ alone correspond to shifts of the
centre of mass of the nucleus and will not be considered.

3. The quadrupole mode λ = 2 turns out to be the most important in nuclear
spectra. More attention will be payed to it in the forthcoming subsection.

4. The octupole modes λ = 3 are important in description of nuclear states
with odd parity. The shape of the deformation is similar to that of a pear.

5. The hexadecupole deformations λ = 4 play the role of an admixture to
quadrupole deformations and also describe the ground state shape of some
very heavy nuclei.

8They are functions of the rotation angle Ω. . .
9See [1].

10The compression is seen experimentally, but the excitation energy related to it depends sensitively on
the density profile at the “boundary” of the nucleus, therefore the idea of a sharp surface is insufficient.
The geometric model will be used purely to describe low energy excitations, since in this range, the
compression is insignificant.

11This is also the case of IBM model, treated in section 1.2.



4 CHAPTER 1. COLLECTIVE MODELS OF NUCLEI

Figure 1.1: Illustration of deformations with λ = 1, 2, 3. The shapes are plotted for
αλ0 = 0.3n, with n = 0, 1, 2. All other coefficients are in each case equal to zero. (The

picture was provided by Pavel Stránský)

The terms with higher angular momentum have not been used in the nuclear
theory, moreover there is a physical limitation on the maximum order of
deformation. The maximum number of individual “bumps” on the surface
can be determined by the following “guess”: The number of extrema of Yλµ
grows roughly as λ2. The number of nucleons at the surface is something
like A2/3. Hence we get the limiting value λ < A1/3. This means that eg.
deformations of 5th order can become relevant only for nuclei with A > 125.

1.1.3 Quadrupole Deformation

From this part on, only quadrupole deformations will be considered. Hence we
have this expression for the radius:

R(θ, φ) = R0



1 +
2
∑

µ=−2

α∗
2µY2µ(θ, φ)



 . (1.7)

In the case of pure quadrupole deformations, it is quite easy to find variables, in
which the rotational and vibrational motion separate. To do this, we will at first
express the spherical harmonics in Carthesian coordinates. Let’s choose a unit
vector in the direction (θ, φ):

x = sin θ cos φ , y = sin θ sinφ , z = cos θ .

The spherical harmonics are

Y20(x, y, z) =
√

5
16π (2z2 − x2 − y2)

Y2±1(x, y, z) = ∓
√

15
8π (x+ iy) z

Y2±2(x, y, z) =
√

15
32π (x+ iy)2 .

(1.8)

Substituting into (1.7) and rearranging the coefficients, this can be written:

R(x, y, z) = R0

(

1 + αxxx
2 + αyyy

2 + αzzz
2 + 2αxyxy + 2αxzxz + 2αyzyz

)

,

(1.9)
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where

αxx =
√

5
16π

(√
6Re(α22) − 2α20

)

αyy = −
√

5
16π

(√
6Re(α22) + 2α20

)

αzz =
√

5
4π α20

αxy =
√

15
8π Im(α22)

αxz = −
√

15
8π Re(α21)

αyz = −
√

15
8π Im(α21) .

(1.10)

The expansion (1.1) contains five complex parameters αλµ, but not all of them are
independent. Due to (1.2), α20 is real and only two other coefficients remain, eg.
α21, α22. Thus we have five independent real parameters. The equations (1.10)
contain also only five independent parameters — adding the first three of them
gives the constraint

αxx + αyy + αzz = 0 . (1.11)

The six parameters given by (1.10), can be expressed in terms of a symmetrical
matrix

α =







αxx αxy αxz
αxy αyy αyz
αxz αyz αzz





 . (1.12)

Every real symmetrical matrix can be diagonalised by an orthogonal transfor-
mation to the frame of the principal axes. The transformation is in fact a ro-
tation of the frame of reference, which can be parametrised by the Euler angles
(θ1(t), θ2(t), θ3(t)). In the new frame of reference, the expansion of the radius is

R(x, y, z) = R0

(

1 + α′
xxx

2 + α′
yyy

2 + α′
zzz

2
)

. (1.13)

Because the relation (1.11) is still valid12, we are left with only two fundamental
parameters. Let’s denote them

a0 ≡
√

4π
45

(

2α′
zz − α′

xx − α′
yy

)

= −
√

4π
5

(

α′
xx + α′

yy

)

a2 ≡
√

2π
15

(

α′
xx − α′

yy

)

.
(1.14)

Accomplishing this step, we have come to the separation of rotations and vibrations
— the vibrations are now described by two parameters a0 and a2 in the principal
axes frame, which rotates as the Euler angles change with time.

As the last step, we will discuss the nuclear shapes that correspond to the
quadrupole vibrations. For this purpose it is usual to introduce the Bohr co-
ordinates (β, γ)13, which are quite analogous to polar coordinates describing eg.
motion of a point mass in 2D:

a0 = β cos γ , a2 =
1√
2
β sin γ . (1.15)

12The trace is invariant under similarity transformation
13Named after A.Bohr
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The strange factor 1√
2

makes the sum
∑

µ

∣

∣

∣α′
2µ

∣

∣

∣

2
independent of the angle γ:

∑

µ

∣

∣

∣α′
2µ

∣

∣

∣

2
= a2

0 + 2a2
2 = β2 . (1.16)

Substituting the Bohr variables into (1.14) we get

β cos γ = −
√

4π
5

(

α′
xx + α′

yy

)

1√
2
β sin γ =

√

2π
15

(

α′
xx − α′

yy

)

,
(1.17)

whence α′
xx and α′

yy can be expressed; from (1.11) we get α′
zz

α′
xx =

√

5
4π β

(√
3

2
sin γ − 1

2
cos γ

)

=
√

5
4π β cos

(

γ − 2π
3

)

α′
yy = −

√

5
4π β

(√
3

2
sin γ + 1

2
cos γ

)

=
√

5
4π β cos

(

γ − 4π
3

)

α′
zz =

√

5
4π β cos γ .

(1.18)

This transcription is finally suitable for a clear visual interpretation: the parameter
β controls the amplitude of the deformations, the “angle” γ is related to the
direction where the deformation occurs; the figure 1.2 illustrates the shapes of the
nucleus’ surface. It can be seen that the “angular” dependence of the deformation
parameters along all three axes (x’,y’,z’) shows the same cosine behaviour, except
of the phase shift 2π

3
k, k = 0,1,2. In the interval 0 ≤ γ ≤ 2π

3
, there are three

axially symmetrical drop shapes:

1. at γ = 0, α′
xx = α′

xx = −1
2

√

5
4πβ and the drop is symmetrical with respect

to z′-axis. The coefficient α′
zz is positive and the drop is prolonged in z′-

direction. The shape of the drop is prolate.

2. at γ = π
3
, α′

xx = α′
zz = 1

2

√

5
4πβ and the drop is symmetrical with respect to y′-

axis.The coefficient α′
yy is negative and the drop is compressed in y′-direction.

The shape of the drop is oblate.

3. at γ = 2π
3

, α′
yy = α′

zz = −1
2

√

5
4πβ and the drop shape is identical to the

case 1., but the orientation has changed: the drop is now symmetrical with
respect to x′-axis.

At all other possible values of γ, the shapes are identical, only the prolongation
and compression occurs with respect to different axes.

1.1.4 Lagrangian of the GCM

Now we are ready to start talking about the dynamics of the geometric model.
We are going to construct a Lagrangian using the deformation parameters αλµ(t)
and their time derivatives α̇λµ(t) as dynamical variables. We have shown in part
1.1.1 that our variables14 form spherical tensors. This property can be used to

14The argumentation used in showing the tensor character of αλµ holds also for the time derivatives.
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x’ x’ x’

y’ y’ y’

z’z’ z’

(a) γ = 0 γ = π/6 γ = π/3(b) (c)

prolate x’=y’ oblate x’=z’

Figure 1.2: Quadrupole deformations in the Bohr parametrisation. β = 1 in all cases.
(The picture was provided by Pavel Stránský)

construct a Lagrangian “obviously” invariant under rotations. It is done compos-
ing the Lagrangian of terms where the variables are coupled to zero total angular
momentum15. It consists of the kinetic energy T and the potential V

L = T − V. (1.19)

The potential can in general be written in form

V = C2 [α× α]0 + C3

[

[α× α]2 × α
](0)

+ C41

[

[α× α]0 × [α× α]0
](0)

+

+C42

[

[α× α]2 × [α× α]2
](0)

+ (1.20)

+C43

[

[α× α]4 × [α× α]4
](0)

+ · · · ,

while in a general kinetic energy term, the time derivatives α̇λµ can be combined
with αλµ:

T = B2 [α̇× α̇]0 +B31

[

[α̇× α](2) × α̇
](0)

+B32

[

[α̇× α̇](2) × α
](0)

+

+B33

[

[α̇× α̇]2 × α̇
](0)

+ · · · . (1.21)

In case this Lagrangian was used for description of the behaviour of a liquid
drop, the coefficients weighting individual terms would correspond to physical
properties of the liquid, like density, viscosity, surface tension, etc. . . 16

15A tensor quantity of rank zero commutes with the angular momentum, which is the generator of
rotations in 3D. This implies the invariance of the quantity with respect to the operation (of rotation
in this case). For details see [1, 34].

16Supposing eg. non-viscous liquid with irrotational flow, the kinetic energy consists only of terms
quadratic in the time derivatives. The irrotational flow model is sometimes used in nuclear physics as a
limiting case of more accurate models of nuclear dynamics, although it is quantitatively not justified. [1]
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1.1.5 A Simple Realisation of Geometric Model

One of the possible geometric model Lagrangians is

L =
K

2
[α̇× α̇](0) + A [α× α](0) +B

[

α× [α× α](2)
](0)

+ C
(

[α× α](0)
)2
. (1.22)

If the rotations are not taken into account (the principal axes frame doesn’t change
orientation in time)17, the Lagrangian may be rewritten in the Bohr variables
alone [34]

L =
K

2
(β̇2 + β2γ̇2) + Aβ2 +Bβ3 cos(3γ) + Cβ4 . (1.23)

A standard transformation to Hamiltonian leads to

H =
1

2K
(p2

β +
p2

γ

β2
) + Aβ2 +Bβ3 cos 3γ + Cβ4 , (1.24)

where pβ = ∂L
∂β̇ and pγ = ∂L

∂γ̇ .

What makes this simple model remarkable, is the fact, that it exhibits highly
non-trivial behaviour at transitions between regular and chaotic dynamics, as has
been studied in [34] and [35]. Moreover, it’s Hamiltonian is closely related to the
classical limit of the Interacting Boson Model (version IBM 1) with total angular
momentum L = 0, as we will see in part 1.2.3. Hereafter we will call this “the
Simple Geometric Model” (SGM).

Finally, let us only mention that quantisation of the geometric model can
be done in the usual way replacing the deformation parameters αλµ and their
canonically conjugate momenta πλµ = ∂L

∂α̇λµ
by operators. The Poisson bracket is

replaced by the commutator multiplied by 1
ih̄ [1]. The next section will be devoted

to the IBM.

1.2 IBM - The Interacting Boson Model

The interacting boson model was introduced by Arima and Iachello [18] in 1975
in an attempt to describe the collective properties of nuclei in a unifying manner.
It was meant to ‘interpolate’ between the spherical shell model by Jensen and
Mayer, that considers the nucleons to behave like non-interacting particles inside
a ‘well-chosen well’18, and the geometric collective model of Bohr and Mottelson,
that was described in the preceding section.

In the IBM, the collective nuclear excitations are described by bosons with
certain angular momentum. Originally, this was invented just to describe the
phenomenology of low-energy rotation and vibration spectra, but there is a very
tempting microscopic interpretation of the bosons being formed by valence nucleon
pairs coupled to definite angular momentum. This analogy of Cooper pairs from
superconductivity theory would naturally explain the pairing interaction, exper-
imentally found to be very significant in even-even nuclei. But the attempts to

17In such case, the angular momentum of the nuclear drop is zero.
18Usually a Woods-Saxon potential, harmonic oscillator, or, in the most crude approaches rectangular

wells of finite depth, with parameters “well fitted” to experimental data
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derive parameters of IBM from microscopic fermion models have not been satis-
factory so far.

The IBM and it’s extensions19 have been phenomenologically very successful
describing low-lying collective states. In our work20, we will concentrate only on
the simplest version of the model, the so-called IBM 1.

1.2.1 IBM 1

The Hamiltonian of this version of boson model will be composed of creation and
annihilation operators of a monopole boson with angular momentum and parity,
JP = 0+, called s, and a quadrupole boson with JP = 2+, called d. This version
doesn’t distinguish proton and neutron bosons. Hence we have these building
blocks of the model:

{

s†, d†µ (µ = 0,±1,±2) ,
s , dµ (µ = 0,±1,±2) .

The operators satisfy boson commutation relations:

[

s , s†
]

= 1 ,
[

dµ, d
†
ν

]

= δµν , (1.25)

all other combinations being equal to zero.

We will set two physical requirements on the Hamiltonian H — it must be rota-
tionally invariant and it must conserve the total number of bosons N. The former
is satisfied, if H forms a tensor operator 21 of rank zero with respect to rotations,
the latter by making each term of H contain equal numbers of creation and anni-
hilation operators.

Further in our considerations, we will work only with two-particle interactions.
The most general Hamiltonian satisfying our requirements and showing explicitly
the rotational invariance has the form:

H = E0 + ǫs(s
† · s̃) + ǫd(d

† · d̃)

+
∑

L=0,2,4

1

2
(2L+ 1)

1
2 cL

[

[

d† × d†
](L)×

[

d̃× d̃
](L)

](0)

+
1√
2
v2

[

[

d† × d†
](2)×

[

d̃× s̃
](2)

+
[

d† × s†
](2)×

[

d̃× d̃
](2)

](0)

(1.26)

+
1

2
v0

[

[

d† × d†
](0)× [s̃× s̃](0) +

[

s† × s†
](0)×

[

d̃× d̃
](0)

](0)

+ u2

[

[

d† × s†
](2)×

[

d̃× s̃
](2)

](0)

+
1

2

[

[

s† × s†
](0)× [s̃× s̃](0)

](0)

.

19More details about extended IBMs can be found in subsection 1.2.4
20Since it doesn’t have an ambition to describe directly any real phenomena observed in na-

ture. . . Rather we would like to discuss the applicability of semiclassical formulae for level density in
case of a system with analytic potential, as we mentioned in the preface.

21Details about tensor operators can be found in [1, 34].
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The notation of the constant factors used here is a common convention in litera-
ture, the dot-product (a.b) =

∑

µ aµbµ, the symbol [a× b](L) stands for the coupling
of two tensor operators to a total angular momentum L. One more fact is worth
a note: the annihilation operators aλµ — contrary to the creation operators — do
not22 form a tensor operator, therefore we introduce symbols ˜aλ,µ = (−1)λ+µaλ,−µ,
which do.

In the literature about IBM, many different parametrisations are used, which
may be a bit confusing. They differ only by rearrangements of the terms in the
Hamiltonian (1.26) into new linear combinations. One parametrisation that is
often used for description of transition rates in nuclear physics [4] is the so-called
multipole expansion. It is formed by the operators

N̂ = (s† · s̃) + (d† · d̃) , (1.27)

n̂d = (d† · d̃) , (1.28)

P̂ =
1

2
(d̃ · d̃) − 1

2
(s̃ · s̃) , (1.29)

L̂ =
√

10
[

d† × d̃
](1)

, (1.30)

Q̂ =
[

d† × s̃+ s† × d̃
](2) − 1

2

√
7
[

d† × d̃
](2)

, (1.31)

Û =
[

d† × d̃
](3)

, (1.32)

V̂ =
[

d† × d̃
](4)

, (1.33)

which have the following physical interpretation: N̂ is the total boson number, n̂d
is the number of d-bosons, P̂ is the so-called pairing operator, L̂ is the angular
momentum of the nucleus, Q̂ is it’s quadrupole moment, Û and V̂ being multipoles
of third and fourth order. The Hamiltonian written in their terms is

H = E ′
0 + εdn̂d + a0P̂† · P̂ + a1L̂ · L̂+ a2Q̂ · Q̂+ a3Û · Û + a4V̂ · V̂ . (1.34)

1.2.2 Dynamical Symmetries
and The Casten Traingle

The set of s− and d − boson creation and annihilation operators can be used
to construct operators, that close an algebra generating the group U(6) — the
group of unitary transformations in 6 dimensions. We can do so choosing these
combinations:

G
(0)
0 (s, s) =

[

s† × s̃
](0)

0
1 (1.35)

(1.36)

G(2)
µ (d, s) =

[

d† × s̃
](µ)

2
5

G(2)
µ (s, d) =

[

s† × d̃
](µ)

2
5 (1.37)

22For details, see [4]
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G
(0)
0 (d, d) =

[

d† × d̃
](0)

0
1 (1.38)

G(1)
µ (d, d) =

[

d† × d̃
](µ)

1
3 (1.39)

G(2)
µ (d, d) =

[

d† × d̃
](µ)

2
5 (1.40)

G(3)
µ (d, d) =

[

d† × d̃
](µ)

3
7 (1.41)

G(4)
µ (d, d) =

[

d† × d̃
](µ)

4
9 (1.42)

−−−
36

From the 36 generators of U(6), we can pick certain subsets that themselves close
an algebra and thus generate subgroups of U(6). It is known from the group
theory, that there exist just three chains of subgroups of U(6), that contain O(3)
subgroup23.

U(5) ⊃ O(5) ⊃ O(3) ⊃ O(2), (I) (1.43)

ր
U(6) → SU(3) ⊃ O(3) ⊃ O(2), (II) (1.44)

ց
O(6) ⊃ O(5) ⊃ O(3) ⊃ O(2), (III) (1.45)

It is not easy to see whether these three special forms of Hamiltonian are physi-
cally relevant. Interestingly, the three chains correspond to limiting cases of three
experimentally observed types of nuclei: vibrational (I), rotational (II) and the
so-called γ-soft (III) nuclei [1, 21].

The nuclei exhibiting the types of motion corresponding to dynamical sym-
metries of IBM were experimentally studied for example by Casten et al. As an
illustration, fig.1.3 shows a plot of nuclides with varying ratio of transition energies
R = E4+/E2+ . The figure is adapted from the article [30]. The value R = 2 is
characteristic for an anharmonic oscillator that can be accommodated within the
U(5) limit. Increasing R the anharmonicity of vibration increases. Finally nuclei
lying on the line with R = 3.33 are rotational nuclei of the SU(3) limit. The
sharp crossover between the two values of R is a signature of a structural phase
transition between rotational and vibrational types of nuclei [33].

The Hamiltonian (1.26) can be equivalently rewritten in form

H(IBM1) = e0 + e1C1(U6) + e2C2(U6) + ǫC1(U5) + αC2(U5) +

+ βC2(O5) + γC2(O3) + δC2(SU3) + σC2(O6) , (1.46)

where C1(G), C2(G) stand for linear and quadratic Cassimir operators24 of group
G, respectively.

Both transcriptions (1.46) and (1.26) contain nine free parameters and can be
transformed to one another25. Making some coefficients in the equation (1.26)

23This is necessary for the required rotational invariance of our model.
24Given a group G, these are operators that commute with all generators of G.
25Note that at this moment, not all Cassimir operators commute with one another, only those be-

longing to the same subgroup chain do !
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Figure 1.3: Left panel : Plot of nuclei having particular values of transition energy ratio
R = E4+/E2+ . The ratio R=2 is characteristic for anharmonic vibrations in U(5) limit.
The value R = 3.33 is characteristic for rotational nuclei SU(3) . (Adapted from Casten,

Zamfir and Brenner [30]). Right panel : Evolution of R (upper figures) and E(0+
2 ) (lower

two panels) Nd - Dy isotopic chains with N > 82 compared with IBM results (here
called “IBA”)(Adapted from Zamfir, von Brentano, Casten, Jolie [31])

equal to zero, the Hamiltonian can be made a function of Cassimir operators
of only a particular subgroup chain. Then the Hamiltonian is said to possess
a dynamical symmetry. In such special cases, the spectrum of energies is fully
determined by the eigenvalues of the Cassimir operators and hence calculable
analytically26.

Let us now look at individual chains in more detail:

1. If we drop all operators containing the s-boson, we are left with 25 generators
of U(5): G(j)

µ (d, d), j = 0, 1 . . . , 4. The operators

G(1)
µ (d, d) ,

G(3)
µ (d, d) ,

generate O(5) and G(1)
µ (d, d) generate O(3). The component G

(1)
0 (d, d) is the

generator of O(2). The spectrum of this chain is typical of vibrational nuclei.

2. The second chain is more complicated. We take nine linear combinations of
the U(6) generators:

G
(0)
0 (s, s) +

√
5G

(0)
0 (d, d) ,

G(1)
µ (d, d) ,

G(2)
µ (s, d) +G(2)

µ (d, s) ±
√

7

2
G(2)

µ (d, d) .

Note the ± sign — the two options form two different representations of U(3)

algebra. The operatorG(2)
µ (s, d)+G(2)

µ (d, s)±
√

7
2
G(2)

µ (d, d) is related to electric

26Provided the eigenvalues of the Cassimir operators are known, which is in the case of IBM true.
The eigenvalues can be found in [4] or books on group theory.
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quadrupole moment of the nucleus27. The ‘+’ sign corresponds to positive

quadrupole moment, ‘−’ to negative. Furthermore, G
(0)
0 (s, s)+

√
5G

(0)
0 (d, d) is

the operator of the total number of bosons N̂ , which is conserved. Therefore
it is sufficient to work with the remaining eight operators. Depending on the
sign-choice, they generate the SU(3) or SU(3)∗ groups28.
The generators of O(3) and O(2) are chosen in the same way as in case 1.
The spectrum corresponds to rotational nuclei.

3. To generate O(6) we take fifteen operators

G(1)
µ (d, d) ,

G(3)
µ (d, d) ,

G(2)
µ (s, d) +G(2)

µ (d, s) ,

O(5), O(3) and O(2) subgroup generators are chosen as in chain I. The
spectrum of this chain is typical of γ-soft nuclei (or γ-unstable)29.

Let’s take one more parametrisation30 — the so-called “consistent η− χ para-
metrisation”. The corresponding Hamiltonian is

Ĥ = E0 + ηn̂d −
1 − η

N
Q̂χ · Q̂χ + c(L̂ · L̂) , (1.47)

where

Q̂χ =
[

d† × s̃+ s† × d̃
](2)

+ χ
[

d† × d̃
](2)

. (1.48)

Choosing χ = ±
√

7
2

, the operator (1.48) becomes identical to the quadrupole
operator (1.31). An interesting property of the Hamiltonian (1.47) is that variation
of only two parameters η and χ can bring about all three possible dynamical
symmetries (1.43)31. To see this, it is worth to rewrite the Cassimir operators in
terms of the multipoles [4]:

C1(U6) = N̂ , (1.49)

C1(U5) = n̂d , (1.50)

C2(SU3) =
2

3

[

2Q̂ · Q̂+
3

4
L̂ · L̂

]

, (1.51)

C2(O6) = 2
[

N̂
(

N̂ + 4
)

− 4P̂ † · P̂
]

, (1.52)

C2(O5) = 4
[

1

10
L̂ · L̂+ Û · Û

]

, (1.53)

C2(O3) = 2(L̂ · L̂) . (1.54)

27Note that the option with ‘−’sign is identical to the Q̂ operator in (1.31)
28It is conventional to denote the algebra with the ‘+’operator SU(3)∗(or in some literature SU(3))
29The name comes from the fact that the Hamiltonian is independent of the Bohr ‘angle’ γ, as will

be seen in part 1.2.3.
30We promise it is the last one ! (and the most important for what is to be continued)
31The coefficient ‘c’ (and trivially also E0) does not influence the symmetry, because L̂ · L̂ is the

Cassimir operator of O(3), which is present in every one of the chains (1.43)



14 CHAPTER 1. COLLECTIVE MODELS OF NUCLEI

Figure 1.4: The Casten traingle

1. In the case η = 1 we are left with n̂d — the C1 of U(5).

2. Taking η = 0 and χ = ±
√

7
2

we get − Q̂· Q̂
N in the Hamiltonian. Now we can

‘borrow’ 3
8N L̂ · L̂ to get the C2 of SU(3)32.

3. Taking η = 0 and χ = 0 we can get the C2 of O(6). This can be seen from
the expression

C2(O(6)) = 2
[

G(2)(s, d) +G(2)(d, s)
]

·
[

G(2)(s, d) +G(2)(d, s)
]

+

+ 4
∑

k=1,3
G(k)(d, d) ·G(k)(d, d) . (1.55)

The first line of the equation (1.55) is already the square of the quadrupole

operator at χ = 0 and we can again ‘borrow’ the required amount of L̂ · L̂ to
get the C2 of O(6).

The parameter space of the η − χ Hamiltonian can be suitably represented
by the so-called Casten triangle, shown in figure (1.4), whose vertices correspond
to the dynamical symmetries of the model. The curve connecting the SU(3) and
U(5) vertices shown in the figure, corresponds to the arc of increased regularity
discovered numerically by Alhassid et al. [22]. It will be further discussed in
chapter 4. In the next section, we are going to derive the classical limit of the
η−χ Hamiltonian, which we used to explore the regular-chaotic properties of IBM
within the boundaries of the ‘triangular landscape’.

32What remains is a Cassimir of O(3)
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1.2.3 Classical Limit

The interpretation of originally quantum models (formulated in the language of
particle creation and annihilation operators) in terms of geometric variables is
known to be an ambiguous problem. However, it was shown by Gilmore and
others [26], that for an algebraic model33, it is possible to define classical geometric
variables corresponding to the operators in the quantum model in an unambiguous
way. For the IBM, we are going to utilise the method described in the article by
Hatch and Levit [23] and use it to derive the classical limit of the η−χ Hamiltonian
(1.47). The starting point is the time-dependent variation method

δ
∫

dt〈ψ|i ∂
∂t

− Ĥ|ψ〉 = 0 , (1.56)

where the trial functions used are the coherent states

|ψ〉 ≡ |α(t)〉 = e−
1
2
|α(t)|2 exp

(

αs(t)s
† +

∑

µ
αµ(t)d†µ

)

|vac〉 . (1.57)

The variation method (1.56) leads to a set of Hamilton-type equations

iα̇j =
∂Hα

∂α∗
j
, (1.58)

iα̇j
∗ = −∂Hα

∂αj
, (1.59)

where Hα = 〈α|H|α〉. The calculation shows that Hα can be obtained from H,
simply substituting the boson operators by the coefficients α

s→ αs , s† → α∗
s , dµ → αµ , d†µ → α∗

µ . (1.60)

The average boson number

〈N〉 = 〈α(t)|N̂ |α(t)〉 = α∗
sαs +

∑

µ
α∗

µα
∗
µ (1.61)

is conserved by (1.58). This allows us to eliminate the s− boson coefficient

αs = eiQ
√

N −
∑

µ
α∗

µα
∗
µ , (1.62)

where Q is a phase, which can be chosen to be zero, since it doesn’t affect the
Hamiltonian.

The classical limit is done by N → ∞. We need to rescale the coefficients and
the Hamiltonian by34

αµ → αµ/
√
N , h = Hα/N . (1.63)

33It’s operators belonging to a compact Lie algebra.
34We will not rename the variables, from now on, all quantities will be meant in the “per boson”

sense.
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The new Hamiltonian “per boson”

h(αµ, α
∗
µ) = ε0 + η

∑

µ
α∗

µαµ + (1 − η)qχ · qχ + c1l
2 +O(1/N), (1.64)

where

qχ = [α∗ × s + s× α̃](2) + χ [α∗ × α̃](2) , (1.65)

l =
√

10 [α∗ × α̃](1) , (1.66)

s ≡ αs =
√

1 −
∑

µ
α∗

µαµ . (1.67)

Now we make a transformation to real variables qµ, pµ, that will allow the same
interpretation as the parameters (1.2) of GCM [27]:

αµ = [(−1)µq−µ + ipµ] /
√

2 , (1.68)

α∗
µ = [qµ + (−1)µip−µ] /

√
2 . (1.69)

Substituting into (1.58) and separating real and imaginary parts, ordinary Hamil-
tonian equations are obtained for pµ and qµ

dqµ

dt
=

∂H

∂pµ
, (1.70)

dpµ

dt
= −∂H

∂qµ
, (1.71)

The transformation from the space fixed coordinates qµ, pµ to the intrinsic
coordinates is given by the transformation [10]

qµ =
2
∑

ν=−2

D(2)
µν (Ω)aν , (1.72)

pµ =
2
∑

ν=−2

D(2)∗
µν (Ω)bν , (1.73)

where

a±2 =
1√
2
β sin γ , a±1 = 0 , a0 = β cos γ , (1.74)

b±2 =
1√
2

[

pγ

β
cosγ + pβ sin γ ± iL3

2β sin γ

]

, (1.75)

b±1 = − 1

2
√

2β

[

iL1

sin(γ − 2π/3)
± L2

sin(γ − 4π/3)

]

, (1.76)

b0 = pβ cos γ − pγ

β
sin γ . (1.77)

Here L1, L2, L3 are the components of the angular momentum of the nucleus in the
intrinsic frame, pβ and pγ are the momenta conjugate to the Bohr variables β, γ35.

35Let us only note that the Bohr variables may be used also in the quantum models to describe
deformations of the mean field, eg. substituting them into the coherent states (1.57).
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Hence we see that the coordinates qµ play the role of the deformation parameters
α2µ of the geometric model. This may serve as a useful intuitive picture of the IBM
dynamics at large boson numbers, even though it is otherwise hardly justified.

In our work the angular momentum is taken to be zero, so the previous set of
equations reduces to

a±2 =
1√
2
β sin γ , a0 = β cos γ , (1.78)

b±2 =
1√
2

(

pγ

β
cosγ + pβ sin γ

)

, (1.79)

b0 = pβ cos γ − pγ

β
sin γ , (1.80)

the other variables being identically zero for all times.

Substitution of (1.68) and (1.69) into (1.64) leads to rather lengthy expression
for Hamiltonian in terms of the deformation parameters

hcl =
η
√

5

2
[p× p](0) +

{

η
√

5

2
− 2

√
5(1 − η)

}

[q × q](0) + (1.81)

+ 5(1 − η) [q × q](0)
(

[q × q](0) + [p× p](0)
)

+

+
√

5χ(1 − η)(sqrt)
{

[

q × [q × q](2)
](0)

+
[

q × [p× p](2)
](0)

}

+

√
5

4
χ2(1 − η)

{

[

[q × q](2) × [q × q](2)
](0)

+
[

[p× p](2) × [p× p](2)
](0)

}

+

+

√
5

2
χ2(1 − η)

[

[q × q](2) × [p× p](2)
](0)

,

where the symbol ‘sqrt’ stands for

√

2 −
√

5
(

[q × q](0) + [p× p](0)
)

.

In the intrinsic frame, the individual tensor couplings may be expressed in
the Bohr variables and corresponding momenta; the notation T = p2

β + p2
γ/β

2 is
utilised

[q × q](0) =
β2

√
5
, (1.82)

[p× p](0) =
T√
5
, (1.83)

[

q × [p× p](2)
](0)

+
[

q × [q × q](2)
](0)

=

=
√

2/35 (p2
γ/β − βp2

γ − β3) cos 3γ + 2
√

2/35 pβpγ sin 3γ , (1.84)
[

[q × q](2) × [q × q](2)
](0)

=
2

7
√

5
β4 , (1.85)

[

[p× p](2) × [p× p](2)
](0)

=
2

7
√

5
T 2 , (1.86)

[

[q × q](2) × [p× p](2)
](0)

=
2

7
√

5

(

β2p2
β − p2

γ

)

. (1.87)
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Figure 1.5: The contour plots of the potential (1.89) in the cases of dynamical symme-
tries: SU(3), U(5), O(6) in panels (A),(B),(C), respectively. The darker the colour, the
deeper the potential. The minimum at γ = 0 in the SU(3) case corresponds to a prolate

deformation37. Had we drawn the SU(3)∗ case, the potential would be ‘mirrored’ along
’y-axis’ with the minimum at γ = π being an oblate deformation.

In the end we obtain

h =
1

2

[

η + 2(1 − η)β2
]

(β2 + T ) − 2(1 − η)β2 (1.88)

+ −χ(1 − η)√
7/2

√

1 − (β2 + T )/2
[

(p2
γ/β − βp2

β − β3) cos 3γ + 2pβpγ sin 3γ
]

+ −χ
2(1 − η)

7/4

[

(β2 + T )2/8 − p2
γ/2

]

.

The rather complicated formula (1.88) surprisingly contains a potential V (β, γ)
very similar to that of the SGM (1.24), as we proposed in the part 1.1.5. To see
this, we set pβ = pγ = 0, which gives the potential

V (β, γ) =
(

1

2
η − 2(1 − η)

)

β2 − (1.89)

− χ2(1 − η)√
7/2

β3

√

1 − β2

2
cos 3γ +

(

(1 − η) − χ2(1 − η)

14

)

β4 .

The contour plots of the potential in the three cases of dynamical symmetries can
be found in figure 1.5. The figure 1.6 shows plane sections of the potential in
planes given by γ = 0 and γ = π/6 for (η, χ) = (0.5, −

√
7/2) and in the plane

γ = 0 for the dynamical symmetries. Note that the SU(3) potential differs from
the SU(3)∗ case only by a reflection in y-axis, due to the sign change of χ in the
second term in (1.89).

It can be easily shown, that for η < 0.8 the potential (1.89) possesses in case
χ 6= 0 three global minima, a central maximum at β = 0 and three other maxima

near β =
√

(2). If χ = 0, the dependence on γ vanishes and the potential forms
the familiar “mexican hat” with degenerate minima lying on a circle and a single
local maximum still remaining at β = 0.

For η > 0.8 the local maximum at β = 0 changes to a global minimum. This
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Figure 1.6: The sections of the potential (1.89) at γ = 0. The panel (a) shows the three
cases of dynamical symmetries. The panel (b) shows the potential for η = 0.5χ =

√
7/2

at γ = 0 (red) and γ = π/6 (green line). Contour plots of the potential at dynamical
symmetries may be found in fig.1.5.

fact is connected with the shape phase transition from deformed38 to spherical
ground state of the nuclei in the quantum version of IBM 1, cf. [33].

The difference compared to the SGM is the square root factor in the second
term of (1.89), which is responsible for the restriction of the domain of the IBM
potential to the interval β ∈ 〈0,

√
2 〉39. Hence the main difference of the classical

IBM Hamiltonian at L = 0 lies in the complicated kinetic terms.

Finally we are going to write down the, not very appealing, Hamilton equations
of motion derived from the Hamiltonian (1.88)

γ̇ = 2d S

(

pγ

β
cos 3γ + pβ sin 3γ

)

− epγ + 2
pγ

β2

∂h

∂T
, (1.90)

β̇ = 2d S (pγ sin 3γ − βpβ cos 3γ) + 2pβ
∂h

∂T
, (1.91)

ṗγ = −3d S

[

2pβpγ cos 3γ −
(

p2
γ

β
− βp2

β − β3

)

sin 3γ

]

, (1.92)

ṗβ = −2(a− c)β − cβ3 −
(

c+
e

2

)

(β2 + T )β +
d

2

B

S
β +

+ d S

(

p2
β +

p2
γ

β2
+ 3β2

)

cos 3γ +
2p2

γ

β3

∂h

∂T
, (1.93)

where we introduced constants40

a ≡ η/2 , c ≡ 2(1 − η) ,

38If we are located in the ‘left half’ of the Casten triangle (with χ < 0), prolate to spherical transition
takes place, whereas in the ‘right half’ we have oblate to spherical transition.

39In most of the graphs showing one dimensional sections of the potential at certain γ = G, we actually
plot β ∈ 〈−

√
2,
√

2〉. The negative part then corresponds to γ = G + π.
40The strange choice of nonindependent constants hopefully makes the equations more readable.
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d ≡ − 2√
7
χ(1 − η) e ≡ −4

7
χ2(1 − η) ,

and functions

T ≡ p2
β + p2

γ/β
2 ,

B ≡
[

(p2
γ/β − βp2

β − β3) cos 3γ + 2pβpγ sin 3γ
]

,

S ≡
√

1 − T + β2

2
,

∂h

∂T
= a+

c

2
β2 − d

4

B

S
+
e

4
(β2 + T ) .

(1.94)

To sum up the results: Using the coherent states (1.57) we have derived a clas-
sical expression corresponding to the IBM Hamiltonian (1.47) in η−χ parametri-
sation at L = 0. It leads to Hamilton equations of motion for classical variables qµ,
pµ. The coordinates qµ may be viewed as the quadrupole deformation parameters
of the geometric model.

1.2.4 Extensions of the model - IBM 2, IBFM, etc.

In this section, we will only briefly mention possible extensions of the IBM 1
model, that have been constructed and studied by various authors. For a detailed
discussion cf. [5, 4]

1. The distinction of neutrons and protons is essential in the shell model due
to Pauli principle. Hence neutron and proton bosons should be introduced
into IBM separately and the particle content of the model becomes

s†i , d†iµ ,

µ = 0,±1,±2 and i = n or p, depending on whether the boson is created by
a pair of neutrons or a pair of protons. The model is then called IBM 2.

2. In addition to s− and d− bosons, new f− and g−bosons may be introduced
to describe octupole, resp. hexadecupole excitations41.

3. In general the IBM is usually considered to describe states of valence nucleon
pairs above the closed shells of the shell model. It is however possible to
introduce a new set of boson operators with different coupling strengths to
describe excitations due to pairs of particles or holes present above or in a
closed shell respectively.

4. For purposes of description of odd-even nuclei, the Interacting Boson-Fermion
Model (IBFM) was introduced. It’s Hamiltonian is of form H = HB +HF +
HBF , where the first term refers to bosons alone, the second to fermions alone
and the third is the boson-fermion interaction. The parameters in the first

41JP (f) = 3−, JP (g) = 4+, ie. f has an odd parity, g has even.
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two parts are reasonably well known from calculations for even-even nuclei
and from the shell model, respectively. The interaction part contains many
parameters. As an illustration we present a customary form of one boson -
one fermion interaction

HBF =
∑

j,j′
Γj,j′

[

Q×
[

a†j × ãj′
](2)

](0)

+
∑

j
Aj

[

d† × d̃
](0) [

a†j × ãj

](0)
+

+
∑

j,j′,j′′
Λj′′

jj′ :
[

[

d† × aj

](j′′) ×
[

a†j′ × d̃
](j′′)

](0)

: , (1.95)

the symbol : âb̂ : meaning normal ordering of the creation and annihilation
operators contained in the operator product âb̂ ; a†, a are fermion operators,
Q is the boson quadrupole operator (1.31).

All mentioned models can be also extended incorporating interactions of more
than two bosons.
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Chapter 2

Sphairos and Chaos
- The Classical Mechanics

In this chapter1, we are going to describe some properties of classical systems with
N degrees of freedom. Systems with infinitely (and uncountably) many degrees
of freedom will not be considered. We will use the Hamiltonian formulation of
classical mechanics.

Classical and quantum mechanics are two approaches to the description of
nature’s phenomena, that seem to use — at least at first couple of sights — quite
unrelated languages.

The state of a classical object is fully characterised assigning values to pairs2 of
quantities — the coordinates ~q and their respective conjugate momenta ~p — that
span the phase space of the object3. All other physical quantities are functions
of these, in principle, definite numbers. On the other hand, quantum mechanics
works4 with wave functions of the phase space coordinates and momenta. The
wave functions, when evaluated at certain point and then squared, express the
probability, that the system has the given values of coordinates and momenta. If,
in an ideal case, we prepared the system with eg. one coordinate with complete
precision, then there would be equal probabilities for all values of the respective
conjugate momentum (and vice versa), ie. at most one quantity of the conjugate
pair can in principle be determined precisely5.

The solutions of the equations of motion for systems in classical mechanics
are unique [11]. This means that stating the values of all coordinates ~q and their
conjugate momenta ~p, ie. choosing a point in the phase space, at certain time
t0 assigns the system only one point ~q (t), ~p (t) (in general different) in the phase
space for every successive time t.

1The title derived from the names of two imaginary worlds of ancient greek philosophers (Empedocle
and others) : on one hand Sphairos - the exquisite world of perfect order, on the other the completely
disordered Chaos. The real world we live in - being Cosmos - a mixture of both.

2The number of pairs being the number of degrees of freedom
3The phase space of a system with N degrees of freedom is 2N -dimensional. By the symbol ~a we

mean an N-dimensional vector in the phase space.
4We are speaking here just about systems, that have no ’extra’ quantum degrees of freedom, like eg.

spin, or strangeness :-)
5The mean deviations of the conjugate pair of variables are related by the famous Heisenberg in-

equality

23
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An interesting feature of some systems with nonlinear equations of motion
is that an arbitrarily small deviation δ~q (t0), δ~p (t0) from the initial condition
~q (t0), ~p (t0) may grow exponentially with time6. Since we can never in practice
find out the initial conditions infinitely precisely7, the long term behaviour of such
systems cannot be predicted although the solution is unique. We might have sim-
ply measured the initial conditions of an imaginary ‘neighbouring’ trajectory to
the one actually realised. This behaviour is called deterministic chaos.

Sometimes we may hear also the term “quantum chaos”, which is a bit confus-
ing. The Schrödinger equation is linear and hence it’s solutions cannot be chaotic.
“Quantum chaos” must be understood as a name for the phenomena observed in
systems, whose classical counterpart shows chaotic dynamics. Chaotic dynamics
manifests itself in statistical properties of energy spectra. They will be discussed
in chapter 3.

In order to make chaotic behaviour subject to quantitative analyses, let us
define integrable and nonintegrable systems.

2.1 Integrable Systems, Actions and Angles

In all further considerations we will restrict ourselves to conservative systems
where the total energy E is an integral of motion8. In a system with N inde-
pendent integrals of motion Ii, i = 1, .., N , the phase space trajectory is bound
to a N - dimensional submanifold9, due to N constraints

Ii(qj , pj) = αi, i, j = 1, .., N , (2.1)

the αi being constants.

If the integrals of motion in addition satisfy

{Ii, Ij} = 0 ∀ i, j (2.2)

the system is then called integrable. The symbol { · , ·} means the usual Poisson

bracket {A,B} =
∑

i

(

∂A
∂qi

∂B
,∂pi

− ∂B
∂qi

∂A
∂pi

)

. The integrals of motion satisfying (2.2)

are called constants in involution10.

The integrability simplifies the dynamics very much, since it enables us to
perform a canonical transformation11 from (qi, pi) to a special pairs of variables,
the so called actions Ji and angles θi. The angles play the role of new canonical
coordinates, the actions are their conjugate momenta. After the transformation

6To measure the mutual divergence of the trajectories, Lyapounov exponents are often used (for their
definition cf. [9, 34]). We don’t introduce them here, because they were not used in our calculations.

7“The ruler with infinitely dense marks would be as good as the one with none.” :)
8An integral of motion is a variable A having it’s total time derivative dA/dt = 0 for all times, hence

it is a constant of the motion.
9In the 2N-dimensional phase space. . .

10For an interesting geometric interpretation of these relations cf. [2]. The author also shows how
their satisfaction leads to presence of invariant tori in the phase space, which we discuss on the following
lines. . .

11cf. [8] or [2]
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the Hamiltonian H(J1, .., JN) depends only on the actions; the angles being cyclic
variables. Hence the solution of equations of motion

J̇i =
∂H

∂θi
= 0 , (2.3)

θ̇i = −∂H
∂Ji

= F (J1, .., JN) ≡ ωi = const. , (2.4)

becomes trivial

Ji(t) = const. ∀ i , (2.5)

θi(t) = ωi t+ θi(t0) . (2.6)

It has been proved in topology12 that for a system with N constants in in-
volution (2.2), the manifold on which the motion takes place is equivalent to
an N -dimensional torus (embedded in the 2N -dimensional phase space). An N -
dimensional torus may be viewed as an N -dimensional cube with the opposite
sides identified.

Let’s help ourselves with the two-dimensional case where the situation may be
quite easily visualised. A cube in 2D is the square. Sticking together one pair
of opposite sides, we get a tube-like shape. Joining the other pair, which now
forms the circular edges of the tube, finally creates the torus. If we parametrise
the ‘cube’ (in this case the square) by variables measuring the length of it’s edges,
after ‘sticking together’ the torus, these variables become angles parametrising
the torus, as seen in figure 2.1. These angles can be identified with the canonical
variables θi. The actions Ji are obtained by transformation

Ji =
1

2π

∮

Ci

~p d~q , (2.7)

where the integrals are taken along N topologically unequivalent curves Ci on the
surface of the torus, cf. [2]. Now the torus may be characterised by the values of
actions Ji or more often by the winding frequencies ωi which are functions of the
actions only (2.3).

For simplicity only 2D systems will be discussed from now on. Since the an-
gles θi depend linearly on time, the trajectories, when the surface of the torus is
’unfolded back’ into the original square, form straight lines as seen in figure (2.1).
The slope of the lines being the ratio

R =
ω1

ω2
(2.8)

of frequencies ω1, ω2. In case the ratio is rational13, the trajectory is periodic. If
the ratio is irrational the trajectory densely covers the whole torus in the limit
t→ ∞ .

12cf. the references in [2].
13Sometimes, it is said that a “resonance between two degrees of freedom” occurred in this case.
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Figure 2.1: Introduction of the angle variables θi and formation of the torus. The
left panel shows a trajectory moving inside a square with sides parametrised by angle
variables θ1, θ2. The three line types denote three consecutive stages of time evolution
of the trajectory. The opposite sides of the square will be identified to form a torus as
shown in the right panel. The trajectory then winds on the surface of the torus as it
evolves in time.

2.2 Poincaré Sections

A suitable method of search for the tori in 2D systems, and thus determining
the integrability, was devised by Poincaré. The idea is to choose a plane section
through the 4D phase space and to observe the points Q1(tn), Q2(tn)14 ‘left behind’
in the plane by the trajectories, at times tn, when they cross it. Q1 and Q2 are
the coordinates in the plane of section, which are in general functions of ~q and ~p
(depending on the position and orientation of the plane). In integrable systems,

any sequence of points ~Q(tn) lies on a deformed circle, corresponding to the section
of an invariant torus. Periodic trajectories form finite chains of points in the
section.

Since the solution of equations of motion is unique, choosing an initial condition
Q1(t0), Q2(t0) in the plane of section leads to a unique point Q1(t1), Q2(t1), if the
trajectory is ever to return to the plane. Hence the process may be viewed as a
discrete mapping P : ~Qn → ~Qn+1 . The mapping is named after H. Poincaré. For
any periodic trajectory, there exists an integer number k such that

P k( ~Qn) = ~Qn , (2.9)

which means that this periodic trajectory is a fixed point of k-th power of Poincaré
mapping.

14The number of free variables Qi is two in deed, since one constraint on the coordinates and momenta
of trajectories is given by the chosen position of the section, the second follows from the conservation of
energy H(~q , ~p ) = E.
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2.3 Perturbing an Integrable System
- The KAM Theorem

For an integrable system, the whole phase space is filled with invariant tori15, due
to the presence of N integrals in involution (2.2). If the integrals cease to exist,
the same happens to some of the tori, but remarkably, not to all.

The transition from an integrable to nonintegrable system is characterised by
the well-known “KAM-theorem”, formulated by Kolmogorov, Arnold and Moser16.
It assumes a perturbation to an integrable system in the form

H(~q, ~p ) = H0(~q, ~p ) + εH1(~q, ~p ) , (2.10)

where H0(~q, ~p ) is the integrable Hamiltonian. The perturbation H1(~q, ~p ) con-
tributes with weight ε. The essence of the theorem lies in the fact, that most of
the tori survive, although slightly deformed and the trajectory still remains on a
2-dimensional manifold. The stability of the torus against the perturbation de-
pends on the “nonperiodicity” of the motion on it, ie. the irrationality of the ratio
of the winding frequencies. The theorem provides the constraint

∣

∣

∣

∣

ω1

ω2
− r

s

∣

∣

∣

∣

>
K(ε)

s5/2
, (2.11)

for the surviving tori. Here r and s are coprime integers. The constant (for a
given system) K(ε) depends only on the perturbation strength and goes to zero
as ε → 0. It means that the tori with sufficiently irrational ratio ω1 /ω2 are still
present in the phase space.

The tori excluded by the criterium (2.11) typically decay. What happens in
the vicinity of rational tori ‘inhabited’ by periodic trajectories is described by the
Poincaré-Birkhoff theorem. Imagine the Poincaré map mentioned in section 2.2
rewritten in suitable17 ‘polar’ coordinates ρ, θ

ρi+1 = ρi , (2.12)

θi+1 = θi + 2πα(ρi) , (2.13)

or simply
(

ρi+1

θi+1

)

= P
(

ρi
θi

)

(2.14)

The mapping (2.14) is called the “twist map”, and is area conserving since the
Jacobian |∂(ρi+1, θi+1)/∂(ρi, θi)| = 1, as can be easily seen. The radial and angu-
lar variables model the action angle variables. All points move along concentric
circles and α plays the role of the winding frequency ratio ω1 /ω2. For circles with

15The word ‘invariant’ is used because the trajectories always remain on the surface of the torus, in
other words, the mapping generated by the equations of motion maps the initial conditions chosen on
certain torus back onto the same torus.

16cf. [2] for a more detailed discussion. For a proof see one of the original articles [25]
17The radial coordinate is chosen such that the Poincaré mapping doesn’t change it’s value in case of

the unperturbed system H0.
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rational α = r/s, all points are s-periodic, ie. fixed points of P s. Let’s consider a
perturbation in form

ρi+1 = ρi + ǫfi(ρi, θi) , (2.15)

θi+1 = θi + 2πα(ρi) + ǫgi(ρi, θi) , (2.16)

where f, g such functions that the mapping Pǫ
(

ρi+1

θi+1

)

= Pǫ

(

ρi
θi

)

(2.17)

is still area preserving, the perturbed mapping Pǫ may be viewed as a Poincaré
map generated by the Hamiltonian H0 + ǫH1. The KAM-theorem then guarantees
survival of circles with sufficiently irrational α. The Poincaré-Birkhoff theorem18

states that the invariant circles with rational α = r/s (r,s coprime integers) con-
sisting of fixed points of P (unperturbed) are not completely destroyed. A number
of 2ks points, k being a natural number, transform into fixed points of P s

ǫ . Half
of these points are stable (so-called elliptic) the other half unstable fixed points,
forming an alternating chain. The situation may be illustrated by numerical ex-
periments, cf. eg. [6]. The neighbourhood of the unstable fixed points is the place
where the irregular behaviour of trajectories begins to take place as the perturba-
tion strength ǫ increases. On the other hand, the vicinity of the stable fixed points
seems to be surrounded by invariant curves. This is however an illusion, which can
be revealed magnifying the picture. As before, the KAM and Poincaré-Birkhoff
theorems may be applied to the ‘small’ stable and unstable fixed points, giving
rise to a fractal structure of ‘island chains’.

2.4 On Crossroads It Begins - Bifurcations

Another phenomenon observed in nonlinear systems are bifurcations of solutions,
when changing the parameters (ie. the weight of individual terms) in the Hamil-
tonian of the system or changing the total energy.

Imagine a dynamical systems with motion equations

dxi

dt
= Fi(xj , λ), (2.18)

where xi, i = 1..Ñ are the state variables of the system19 and λ are some constant
coefficients describing the physical properties of the system. We will discuss the
behaviour of dynamical systems in the vicinity of fixed points, ie. points ~x0, for
which

d~x0

dt
= 0, (2.19)

when the system is displaced from ~x0 slightly :

~x(t) = ~x0 + δ~x(t) . (2.20)

The deviation δ~x(t) may be eg. due to interaction with surrounding environment.
We adopt the following definitions of stability [9]:

18more details can be found in [8, 2, 6].
19We may concretely imagine Hamiltonian mechanics with ~x = (~q, ~p) and Ñ = 2N .
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1. The point ~x0 is stable in sense of Lyapounov if, for any given neigbourhood
Uε of ~x0 there exists a certain neighbourhood Uδ(ε) such that any trajectory
emanating from the interior of Uδ(ε) never leaves Uε during the time evolution.

2. The point ~x0 is unstable if no such neighbourhood Uδ(ε) can be found.

3. The point ~x0 is asymptotically stable20 if it is stable in Lyapounov sense and
in addition, any trajectory starting inside Uδ(ε) tends to ~x0 as t→ ∞.

An important knowledge is provided by the principle of linearised stability, which
simplifies the assessment of stability greatly. We will decompose the righthand
side of (2.18) into linear and nonlinear part. We may write

dδ~x

dt
= ~F (~x0 + δ~x, λ) − ~F (~x0, λ) . (2.21)

Performing Taylor expansion of ~F (~x0 + δ~x, λ) and substituting into (2.21) we get

dδ~x

dt
= L(λ) · δ~x+ h(δ~x, λ) (2.22)

where L(λ) =
(

δF
δx

)

x0

is the linear part and h(δ~x, λ) are the higher orders of

expansion being nonlinear.

The principle of linearised stability states the following [9] :

1. If the trivial solution δ~x = 0 of the linearised problem

dδ~x

dt
= L(λ).δ~x (2.23)

is asymptotically stable, then δ~x = 0 (ie.~x = ~x0) is asymptotically stable
solution of the original nonlinear problem.

2. If the trivial solution δ~x = 0 of the linearised problem is unstable, then also
the solution of the original nonlinear problem is unstable.

In case δ~x = 0 is stable but not asymptotically stable solution of the linearised
problem, the theorem is unable to decide. Importantly, the linear stability show,
that a qualitative change in behaviour of one system may take place beyond a criti-
cal value of parameter λc, at which the linearised system switches from asymptotic
stability to instability, ie. when the real part of at least one eigenvalue ω of lin-
earised operator L(λ) changes sign from negative to positive. At λc, Re(ωc) = 0.
The solution of linearised problem (2.23) at λc is

δ~x = ~uei(Imωc)t = ~ueiΩct , (2.24)

where ~u is a constant vector.

In the region of instability, the linearised equations become physically inade-
quate since they predict runaway to infinity. To investigate existence of physically

20The asymptotically stable fixed points may not occur in conservative systems, since in these the
motion equations conserve the phase space volume.
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acceptable solutions, the full nonlinear equations (2.22) must be considered in the
unstable region.

The behaviour of the fixed points at the transition is characterised by two
theorems by Sattinger, cf. [9]

1. Theorem 1 : If δ~x = 0 remains a solution of (2.22) in a neighbourhood of λc,
ωc is a simple eigenvalue (or more generally eigenvalue of odd multiplicity)
then λ = λc is a bifurcation point, meaning that there is at least one new
branch of solutions outgoing from (δ~x = 0, λc). This branch either extends
to infinity or meets another solution as λ further increases.

2. Theorem 2 : If ωc is a simple eigenvalue and additionally
(

d

dt
Reω(λ)

)

λ=λc

6= 0 (2.25)

is satisfied, which guarantees that Re(ω) versus λ curve crosses the λ−axis
at λ = λc, then

• bifurcating solutions will be stationary if Ωc = 0 in (2.24);

• bifurcating solutions will be time periodic if Ωc 6= 0 in (2.24).

In both cases above, the supercritical branches21 are stable, and the subcriti-
cal branches22 are unstable, provided that the remaining eigenvalues of L(λ)
have negative real part.

This gives rise to various types of bifurcations, the simplest are the so-called
transcritical, having one stable and one unstable fixed point for λ < λc meeting
at λc and also one stable and one unstable fixed point for λ > λc. The next type
are the pitchfork bifurcations having one stable fixed point for λ < λc and three
fixed points for λ > λc; two of them are stable and one unstable. Alternatively,
this bifurcation may consist of two unstable and one stable solutions for λ < λc
and of one unstable for λ > λc.

21Those existing in the region where the reference solution δ~x = 0 lost it’s stability.
22The branches existing in the region where δ~x = 0 is stable.



Chapter 3

Semiclassical Approximations to
Level Density

Statistical properties of the energy spectrum are known to depend essentially on
the type of underlying classical dynamics. In general, for most1 systems with
classically integrable counterparts, the distribution of neighbouring levels is Pois-
sonian2. For classically chaotic systems it is the Wigner distribution3 — the type
characteristic for spectra of the ensembles of random matrices4. This chapter will
be devoted to semiclassical approximations describing fluctuations of the density
of energy levels in both chaotic and integrable regimes, which are closely connected
with statistical correlations in spectra.

The energy level density ρ(E) is related to the transition amplitudeK(qA, qB, t) =

〈qB|Û(t)|qA〉 for the system’s passage from point5 qA to qB in time t. The ampli-
tude K(qA, qB, t) may be expressed by the Feynmann path integral6.

An interesting result of the semiclassical analyses is that in the limit h̄ → 0,
only the paths identical to classical periodic trajectories contribute to the Feyn-
mann integral. The particular form of the semiclassical formula depends on the
type of behaviour of the phase space trajectories. The first two “trace formulae”7

were derived for two extreme cases, one for completely chaotic by Gutzwiller, the
other for integrable systems by Berry and Tabor. They will be discussed in the
following parts of our work. Let us only mention here that recently, new formulae
in the intermediate dynamical regimes were found [28, 29].

1With an important known exception of the harmonic oscillator. On the other hand the Wigner
distribution seems to be generally valid for chaotic systems. It is the subject of Bohigas hypothesis [7],
supported by large numerical evidence.

2The spacings s = |En − En+1|/D of the nearest neighbours among the levels satisfy the Poisson
distribution P0(s) = e−s. The symbol D represents the average spacing in the given part of spectrum.

3P (s) = (π/2)s exp{(−π/4)s2}.
4For example the Gaussian orthogonal ensemble (GOE) and Gaussian unitary ensemble (GUE) [7].
5The points qA and qB are from configuration space not the phase space, ie. only the coordinates,

not the momenta are considered.
6The theory may be found eg. in [12].
7The name will become clearer in the following paragraphs.
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3.1 Density of Energy Levels

The aim of this section is to show the relationship between the level density ρ(E)

and the trace of the evolution operator
∫ 〈q|Û(t)|q〉dq. The result will be used in

derivation of the Gutzwiller trace formula in part 3.2.

The level density ρ(E) of a quantum system is expressed by

ρ(E) =
∑

n
δ(E − En). (3.1)

We will try to rewrite it using the Green function G(qA, qB, E) of the Schrödinger
equation

G(qA, qB, E) = 〈qB|
1

E − Ĥ
|qA〉. (3.2)

For this purpose we will express the δ-function as a limit of Lorentzian curves

δ(E) = lim
ǫ→0

ǫ

π

1

E2 + ǫ2
, (3.3)

leading to

ρ(E) = lim
ǫ→0

ǫ

π

∑

n

1

(E − En)2 + ǫ2

= − lim
ǫ→0

1

π
Im

(

∑

n

1

E −En + iǫ

)

≡ −1

π
Im g(E) . (3.4)

In the last line we introduced the symbol g(E) for the trace of the Green function.
Using

∑

n

1

E −En
= Tr

(

1

E − Ĥ

)

, (3.5)

we finally get

ρ(E) = −1

π
Im

(

Tr

(

1

E − Ĥ

))

= −1

π
Im(Tr(G)) . (3.6)

The Green function is related to the transition amplitude K(qA, qB, t) by the
Fourier transform

G(qA, qB, E) = − i

h̄

∫ ∞

0
dt exp

(

i

h̄
Et
)

K(qA, qB, t) , (3.7)

hence

ρ(E) = −1

π
Im

∫ ∞

0
e

i
h̄

Et
[∫

K(q, q, t)dq
]

dt . (3.8)
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3.2 Gutzwiller Formula for Chaotic Systems

In this section, we are going to sketch the main ideas of the derivation of the
Gutzwiller trace formula. The ‘sketch’ follows the derivation in [7], which is sup-
posed to be consulted for details omitted here. Our aim is to illustrate the inter-
esting fact that only the periodic trajectories contribute. The necessity of isolation
of periodic orbits will be pointed out and in general the quantities constituting
the final expression will be explained.

In the following, we will approximate the matrix element of the evolution oper-
ator K(qA, qB, t) — hereafter called the “propagator”. The key role will be played
by the saddle-point integration technique. We start with the expression for the
propagator K(qA, qB, τ) valid for infinitesimal times τ

〈qB|U(τ)|qA〉 =
(

1

2πih̄

)N/2

|DBA|1/2 exp
(

i

h̄
WBA

)

(3.9)

where the determinant |DBA|

|DBA| =

∣

∣

∣

∣

∣

−∂
2WBA(τ)

∂qAi
∂qBi

∣

∣

∣

∣

∣

(3.10)

is composed of second derivatives of the Lagrange principal function8

WBA =
∫ τB

τA

L dτ . (3.11)

The stationary phase approximation will show that the formula (3.9) holds also
for t = 2τ . Let us write the propagator

K(qa, qb, 2τ) =
∫

〈qB|U(τ)|qC〉〈qC |U(τ)|qA〉dqC

=
(

1

2πih̄

)N/2 ∫

dqC |DBCDCA|1/2

× exp
{

i

h̄
[WBC(τ) +WCA(τ)]

}

. (3.12)

The integral is evaluated by means of the saddle point method. The method is
suitable for integrating functions of the type

IK =
∫ b

a
dzf(z)e−Kg(z) (3.13)

in the limit of large K. Sending the limits of the integral a, b→ ∓∞, the method
leads to, cf. [7],

IK =

[

2π

Kg”(zs)

]1/2

f(zs)e
−Kg(zs) , (3.14)

where zs is the minimum of g(z) in the interval (a, b); in case g(z) has more min-
ima, their contributions have to be added. Suppose the phase of the exponential

8This quantity is in some literature called simply “action”; we reserved this name for S(qA, qB , E) =
∮

~p d~q. The two quantities are related by the Legendre dual transform S(qA, qB , E) = W (qA, qB , t)+Et.
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(3.12) oscillates rapidly — this is valid in the situation WAB >> h̄ , ie. in the
semiclassical regime. We expand the phase into second order of Taylor series

Φ(qC) =
1

h̄
[WBC(τ) +WCA(τ)] , (3.15)

∂Φ

∂qC
=

1

h̄

(

∂WBC

∂qC
+
∂WCA

∂qC

)

, (3.16)

∂2Φ

∂qC
=

1

h̄

(

∂2WBC

∂q2
C

+
∂2WCA

∂q2
C

)

. (3.17)

(3.18)

The stationary phase point qC is obtained from the condition

WBC(τ) +WCA(τ) = −pBC
C + pCA

C = 0 , (3.19)

meaning only classical trajectories with continuous momentum pC contribute9 to
the semiclassical approximation! But if qC is on a classically allowed trajectory
the principal function is additive and the saddle point integration (3.14) yields for
(3.12)

K(qa, qb, 2τ) =
(

1

2πih̄

)N/2

×
{∣

∣

∣

∣

∣

− ∂2WBC

∂qB∂qC

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

− ∂2WCA

∂qC∂qA

∣

∣

∣

∣

∣

/

∣

∣

∣

∣

∣

∂2WBC

∂q2
C

+
∂2WCA

∂q2
C

∣

∣

∣

∣

∣

}1/2

× exp
[

i

h̄
WBA(2τ)

]

. (3.20)

The determinant factor in the second line can be shown, cf. [7], to be equal to
|DBA| and we obtain the same formula as for t = τ , hence it is valid (by induction)
for all times.

To get the proper expression for semiclassical propagator, two notes are neces-
sary at this place

1. If several classically allowed trajectories from qA to qB in time t exist, they
must be added.

2. If the determinant |DBA| becomes singular, the stationary phase approxi-
mation breaks down. The problem may be solved Fourier-transforming into
the momentum space in the vicinity of the singular points. This produces
an additional phase −νπ

2
, where ν is the number of vanishing eigenvalues of

the inverse matrix D−1
BA = ∂qA∂qB

∂2WBA
= ∂qB

∂pA
. The singularities are often called

conjugate points of order ν.10

Considering the two notes we may write

K(qA, qB, t) =
(

1

2πih̄

)N/2
∑

r
|DBA,r|1/2 exp

(

i

h̄
WBA,r(t) − i

νrπ

2

)

, (3.21)

9The condition (3.19) is in fact equivalent to Hamilton’s variation principle δL = 0, from which the
classical Lagrange equations of motion follow.

10If ν equals the dimension of the space N , we get a focal point, otherwise a caustic.
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the sum running over the allowed trajectories. We insert it into the expression
(3.7)

G(qA, qB, E) = − i

h̄

(

1

2πih̄

)N/2

(3.22)

×
∑

r

∫ ∞

0
dt |DBA,r|1/2 exp

(

i

h̄
[WBA,r(t) + Et] − i

νrπ

2

)

.

The integral will be evaluated once again by the stationary phase approximation
yielding [7]

G(qA, qB, E) = − i

h̄

(

1

2πih̄

)(N−1)/2

(3.23)

×
∑

r
|∆BA,r|1/2 exp

(

i

h̄
Sr(qA, qB, E) − i

νrπ

2

)

,

where Sr(qA, qB, E) = Wr(qA, qB, t) + Et and |∆BA| = |DBA|/|∂2WBA/∂t
2|.

To express the desired energy level density, yet we need to calculate the trace
of the Green function g(E)

g(E) = − i

h̄

(

1

2πih̄

)(N−1)/2

(3.24)

×
∑

r

∫

dq |∆r|1/2 exp
(

i

h̄
Sr(q, q, E) − i

νrπ

2

)

,

where

|∆r| = (−1)d+1

∣

∣

∣

∣

∣

∂2S
∂qA∂qB

∂2S
∂qA∂E

∂2S
∂qB∂E

∂2S
∂E2

∣

∣

∣

∣

∣

qA=qB=q

(3.25)

The sum is over all orbits starting and ending at q, they still need not be periodic.
Also the ‘orbits’ of zero length are included, however these make the determinant
|∆r| singular in the limit |qA − qB| → 0. Therefore we have to exclude them for
this moment from our considerations. The zero-length orbits will be later shown
to be responsible for the smooth part of level density. The Gutzwiller formula,
which will be the result of the following derivation will describe the oscillating
part. Let’s continue. . .

Again we apply the stationary phase approximation to (3.24)

Φ(q) =
1

h̄
Sr(q, q, E), (3.26)

Φ′(q) =
1

h̄

(

∂S

∂qA
+

∂S

∂qB

)

qA=qB=q
=

1

h̄
(−pA| q + pB| q) , (3.27)

Φ′′(q) =
1

h̄

(

∂2S

∂q2
A

+ 2
∂2S

∂qA∂qB
+
∂2S

∂q2
B

)

qA=qB=q
. (3.28)

The equation (3.27) presents the central result of semiclassical theory — only
periodic trajectories (pA| q = pB| q) contribute to the level density as h̄→ 0.

For the integration, we will introduce a coordinate system with one coordinate
q|| parallel to a reference periodic trajectory. This is why we need the periodic
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trajectories to be isolated. Hence, the outcoming formula will be suitable only for
systems with “hard chaos” in phase space.

In this system, we expand the action S(q, q, E)

S(q, q, E) = S(q||, q||, E) +
1

2
qT
⊥ (SAA + 2SAB + SBB) q⊥ , (3.29)

where SAA = ∂2S
∂q2

A⊥

and so on, taking derivatives with respect to only perpen-

dicular components11. Now the determinant prefactor in (3.24) may be simplified
using the equations of motion, derivatives of Hamilton-Jacobi equation and similar
tricks [7] to get

|∆r| =
1

|q̇|||2
|−SAB| . (3.30)

The trace of the Green function g(E) now is

g(E) = − i

h̄

(

1

2πih̄

)

(d−1)
2 ∑

r

∫

dq||dq⊥
1

|q̇|||
||SAB,r||1/2 (3.31)

× exp
{

i

h̄

[

Sr(E) +
1

2
(q⊥)T (SAA + 2SAB + SBB) q⊥

]

− i
νrπ

2

}

.

The integration over perpendicular components is a Fresnel integral and may be
preformed using the well known [12] formula to yield

g(E) = − i

h̄

∑

r

∫ dq||
|q̇|||

{||SAB,r||/||SAA,r + 2SAB,r + SBB,r||}1/2

× exp
[

i

h̄
Sr(E) − i

µrπ

2

]

. (3.32)

Here µr = νr + αr, where αr is the number of negative eigenvalues of the matrix
(SAA,r +2SAB,r +SBB,r) ; µr is called “Maslow index”. Before finally coming to the
Gutzwiller formula, let us introduce the so-called monodromy matrix Mr, which
expresses the stabity of the periodic orbit, and which will be used for a quite
simply interpretable transcription of the preexponential factor in (3.32).

Imagine a trajectory starting close to our reference periodic trajectory, and
suppose the final deviations at time t depend linearly on the initial deviations

(

δqB⊥
δpB⊥

)

= MBA

(

δqA⊥
δpA⊥

)

(3.33)

We know that the canonical momenta may be expressed by derivatives of action
wrt. coordinates, therefore

δpA⊥ = −SAAδqA⊥ − SABδqB⊥, (3.34)

δpB⊥ = SABδqA⊥ + SBBδpA⊥. (3.35)

Inverting this, we get

δqB⊥ = −S−1
ABSAAδqA⊥ − S−1

ABδpA⊥, (3.36)

δpB⊥ =
(

SAB − SBBS
−1
ABSAA

)

δqA⊥ − SBBS
−1
ABδpA⊥. (3.37)

11For nonisolated trajectories, the expansion would be impossible.
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Hence

MBA =
( −S−1

ABSAA −S−1
AB

SAB − SBBS
−1
ABSAA −SBBS

−1
AB

)

. (3.38)

Taking the matrix identity
(

λ.1 − S−1
ABSAA −S−1

AB
SAB − SBBS

−1
ABSAA λ.1 − SBBS

−1
AB

)

=

(

λ.1 −1
SAB − λSAA λ.SAB − SBB

)(

1 0
S−1

ABSAA S−1
AB

)

,

we may finally relate the monodromy matrix to the derivatives of action, putting
λ = −1 and taking determinant on both sides. This yields

|MBA − 1| = |SAA + 2SAB + SBB| / |SAB| , (3.39)

which is exactly what we needed for (3.32).

Neither the determinant of the monodromy matrix, nor the phase of the expo-
nential in (3.32) depend on the parallel components of q, therefore the remaining
integration is trivial

∫ dq||
q̇||

=
∮

dt = Tp, (3.40)

Tp being the period of the primitive (once-around) orbit. Now we have all ingre-
dients of the Gutzwiller trace formula. Expressing g(E)

g(E) = − i

h̄

∑

r

(Tp)r

||Mr − 1||1/2
exp

[

i

h̄
Sr(E) − i

µrπ

2

]

. (3.41)

and taking it’s imaginary part divided by −π according to (3.4) brings us

ρosc(E) =
1

πh̄

∑

r

(Tp)r

||Mr − 1||1/2
cos

[

1

h̄
Sr(E) − µrπ

2

]

. (3.42)

Note that the sum is taken over all repetitions of the primitive orbit. Every
periodic trajectory contributes by an oscillating term, it’s period determined by
the action ‘piled up’ along the way, the weight of the contributions measured by
the stability and period of the orbit.

To take account of the zero-length ‘trajectories’, it is necessary to go back to
the original expression of the propagator calculated by the Feynman path integral

K0(qA, qB, t) =
(

m

2πih̄t

)N/2

exp
{

i

h̄

[

m

2t
(qB − qA)2 − tV (

qA + qB

2
)
]}

, (3.43)

where m is the mass and V is the potential. The calculation is performed in [7]
and leads to

ρ0(E) =
∫

dp dq

(2πh̄)N δ[E −H(p, q)] , (3.44)

where H(p, q) = p2/2m + V (q) is the classical Hamilton function. Hence ρ0(E)
corresponds to the part of the phase space accessible to the system with energy
E. It is called the smooth part of the level density. Then we have

ρ(E) = ρ0(E) + ρosc(E) , (3.45)

which follows from the original expression (3.24) containing both contributions.
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3.3 Integrable Regime and Berry-Tabor Formula

A similar formula, but valid for integrable systems, was derived by Berry and
Tabor [16]. In integrable systems, the periodic trajectories lie on invariant tori
as was mentioned in section 2.1. The trajectories on the torus differ only by the
initial values of the angle variables θi(t0) from equation (2.6) and therefore are
nonisolated. The shape of the formula is similar to that of (3.42)

ρosc(E) =
1

πh̄

∑

~µ

∑

r

T~µ
√

h̄|g′′E|(rµ2)3
cos

[

1

h̄
rS~µ(E) − π

2
rη~µ − π

4

]

, (3.46)

the symbol ~µ = (µ1, µ2); the two numbers µ1, µ2 being coprime integers. Periodic

orbits satisfy ω1/ω2 = θ̇1/θ̇2 = µ1/µ2. Hence the sum over ~µ means summation of
contributions of all rational tori, the sum over r counting the r− tuple repetitions
of the primitive orbits. Only other differences from (3.42) are an additional phase
−π

4
and the form of stability factor. Otherwise the form of the formulae is the

same: an oscillating term dependent on action for every possible shape of primitive
orbit; it’s weight determined by the period T and a stability factor.

The meaning of the function gE for two-dimensional systems is following: We
express the Hamiltonian in terms of the action variables12 and using the energy
conservation we may form this equation:

H(J1, J2 = gE(J1)) = E . (3.47)

Differentiating (3.47) as an implicit function wrt. J1 yields

dH

dJ1
= ω1 + ω2g

′
E = 0 , (3.48)

and hence

g′E(J1) = −
(

ω1

ω2

)

E
(J1) . (3.49)

At the end of this chapter, let us discuss the situations, when the trace formu-
lae (3.42), resp. (3.46) may diverge. Although the formulae cannot themselves
be applied in these situations, their divergence may serve as a hint suggesting
what type of classical behaviour is connected with fluctuations in the spectrum of
corresponding quantum system.

1. At first this may happen in both cases (3.42) and (3.46), if the periods
of certain orbits tend to infinity, and the contributions of these possibly
several trajectories don’t cancel out. A simple example is the trajectory of
the mathematical pendulum, with initial position right above the point of
suspension and infinitesimally small initial momentum. This situation may
also occur in systems possessing a local potential maximum of value Vloc.max.,
if the total energy of the system E = Vloc.max.. For more examples, cf. [37],
found also in the appendix B.

12Remind that in the integrable systems, H depends only on the actions, the angles are cyclic. See
chapter 2.
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2. The Gutzwiller formula (3.42) diverges if at least one eigenvalue λi of the
monodromy matrix M equals one. Having in mind it’s definition (3.33), this
corresponds to a situation, when an initial displacement of a trajectory from
the reference periodic trajectory in the direction of eigenvector ~vi correspond-
ing to λi does not change during the time evolution, in other words the two
trajectories run ‘side by side’. But then the periodic trajectories are not
isolated and the Gutzwiller formula is unsuitable by it’s construction.

3. The Berry-Tabor formula may diverge in case g′′E = 0, which means, looking
at equation (3.49), that changing infinitesimally J1 does not change the ratio
of winding frequencies ω1/ω2, ie. several solutions with given value of J1 may
coexist. This case will be important (together with case 1.) in the discussion
of our results in part 4.1. The energy Ecrit at which gE = 0, correspond to a
bifurcation point of the solution with the given value of J1.
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Chapter 4

Results

In our work we used the Poincaré section method to visualise the transitions from
regular to chaotic dynamics of the classical limit of IBM 1. This was done changing
the two control parameters η, χ of the Hamiltonian (1.88) and the total energy E
of the system in the region of the Casten triangle corresponding to deformed nuclei
(for η < 0.8). The numerical methods we used are described in the appendix A.

The motivation of our work was threefold:

1. The types of classical motions responsible for the existence of the region of
increased regularity in the Casten triangle discovered numerically by Alhassid
et al. [21, 22], have not been studied so far1. Hereafter we call the region the
“arc of regularity”2.

2. In the η dependence of quantal spectra of Hamiltonian (1.47), an interestingly
strong fluctuation of energy level density at χ = 0 and surprisingly also in
the arc of regularity was observed, cf. [32, 33]. The fluctuations at χ = 0
are shown in fig.4.1. We will use our numerically calculated trajectories to
discuss the observed spectrum with the help of semiclassical theory presented
in chapter 3. Similar analyses were already preformed with a variety of
“billiard”3 systems, but this approach has rarely been applied to systems
with analytical form of potential.

3. We also wanted to compare the classical IBM dynamics to that of the Simple
Geometric Model, studied previously in [34].

The Poincaré section chosen in our work was the plane β × pβ, fixing γ = 0.
This orientation is suitable since it is in a sense the most extreme. It cuts the
phase space across one of the global minima of the potential, and also the shallow
region connecting the remaining two minima, as can be seen in figures 1.6 and 1.5.

1The authors measured the degree of chaoticity by maximum average Lyapounov exponents and the
fraction of chaotic phase space volume, averaged over both energy and angular momentum, cf. [21, 22].

2Since it forms an arc in the Casten triangle, as seen in fig.1.4. “Quasi-regularity” would be more
appropriate, but for sake of brevity, we usually use the former.

3These are systems consisting of a point mass moving inside a N-dimensional infinite potential well.
The geometric shape of the cavity with the finite constant potential is varied in individual numeri-
cal experiments, cf. eg. [17, 6, 19]. Quantum versions of the billiards have been often studied also
experimentally, using various resonator cavities, cf. [7].

41
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Figure 4.1: The fluctuating part ρfl(E) of the level density at η = 0.6 and χ = 0. On
the x-axis we have the energy E, on the y-axis is ρfl. The spectrum was calculated for
N = 40 bosons and the energy must be rescaled so that our classical energy Eclass =
E
4 .(calculation done by P. Cejnar.)

The position of the section should therefore in principle guarantee detection of all
possible types of trajectories4.

4.1 Integrable Case χ = 0

The results of our analysis of classical motions at χ = 0 have recently been sub-
mitted to Physical Review C, in the double-article [36, 37]. Both parts can be
found in the appendix B. The second part [37] contains a detailed discussion of
our classical results. Here we only briefly characterise the phase space picture of
this integrable system and present the measured characteristics of the trajectories.

The χ = 0 situation corresponds to γ−unstable vibrations of the nucleus. Let
us explain, why the case is integrable.

Taking χ = 0 makes the Hamiltonian (1.88) independent of γ, which conse-
quently leads to conservation of pγ . The pγ together with Hamiltonian, form the
pair of motion integrals in involution5. Consequently the system is integrable with
the trajectories remaining on invariant tori. The presence of invariant tori in the
phase space is demonstrated by the Poincaré sections shown in figure 2 of [37].

We generated a set of 1200 trajectories at each of 41 equidistant values of energy
chosen from interval E ∈ 〈−0.1, 0.3〉. The initial conditions of trajectories were
chosen randomly from the phase space available at given energy. We measured
the ratio

R =
Tγ

Tβ
, (4.1)

4If we for example chose a section, avoiding completely the global minima of the potential (1.89), the
trajectories moving only in the vicinity of one of the minima would be left undetected.

5For every integral of motion I, 0 = dI/dt = {H, I}, hence H, pγ are in involution.
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of vibration periods6 in directions β and γ and the width ∆β of trajectories in
radial direction β. The width

∆β = βmax − βmin, (4.2)

where βmax, βmin are the maximum and minimum values of β for a given trajectory.
At each energy we made histograms of distributions of these two quantities in
the ensemble of generated trajectories. The results are presented in article [37],
which is included in the appendix B. The histograms reveal interesting changes
in dynamics passing the region E ≈ 0. The conclusions may be found therein or
in the section 4.4.

4.2 Chaotic Dynamics in the Casten Triangle

In the next part of our work we tried to find out the differences between the
nature of Poincaré sections and trajectories along the arc of regularity and in the
neighbouring, more chaotic regions. Contrary to the case χ = 0, even the periodic
trajectories form very complicated curves and cannot be simply characterised by
a ratio of vibration periods Tγ/Tβ. We will discuss only qualitatively the changes
of the most dominant regular regions appearing and disappearing in the chaotic
surroundings when changing η, χ, E.

4.2.1 Poincaré Sections at Varying Energy.

We limited our search to values of η from the interval 〈0.4, 0.7〉. The reason is that
for η < 0.3 the interesting energy E = 0 is unattainable for all values of χ because
the system becomes no longer bound at E = 0. On the other hand, the potential
undergoes an important structural change7 at η = 0.8, which is unrelated to the
presence of the quasi-regular arc. To avoid possible mixing of effects connected
with the structural change, we considered, for the time being, only η < 0.7. The
position of the arc of regularity may be approximately8 characterised by the linear
fit

χreg =

√
7 − 1

2
η −

√
7

2
. (4.3)

In our exploration of the Casten triangle, we chose points lying on lines

χk = k

√
7 − 1

6
η −

√
7

2
, (4.4)

parametrised by an integer k (so that k = 3 brings us to the arc of regularity). The
lines χk can be seen in figure 4.2. The value χ0 coincides with the triangle edge
joining SU(3) and U(5) vertices. Moving to the right in the triangle, k increases.

6More precisely, we measured the ratio 2π/∆γ, where ∆γ is the angular distance of two consecutive
maxima/minima of the β coordinate of a trajectory. The ratio characterises also nonperiodic trajectories.
For the periodic ones, it is identical to (4.1).

7The three global minima of the potential disappear and the central maximum changes to a global
minimum, see the discussion of the formula (1.89).

8Note that the arc of regularity was discovered by numerical experiments and no theoretical prediction
for it’s position is known so far, as we mentioned before.
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Figure 4.2: The Casten triangle and the points in which the calculation of trajectories
was performed (left panel). The four curves joining the SU(3) and U(5) vertices corre-
spond to lines χk with k increasing from left to right, k = 1, 3, 5, 7. The k = 0 line is
identical with the SU(3)-U(5) edge. The four horizontal lines are η = 0.4, 0.5, 0.6, 0.7
read from the bottom. The choice of ten equidistant energy levels Ei, i = 1..10, for
calculation of Poincaré sections is illustrated by the case at η = 0.5, χ = −

√
7/2 (right

panel).

The numerical calculation was performed at four values of η: 0.4, 0.5, 0.6 and 0.7,
each time choosing k = 0, 1, 3, 5, 7. At each of these twenty points, we selected
ten equidistant values of energy Ei, i = 1..10, from the whole range available,
it means between the global minimum Vmin(η, k) of the potential and the value
V (β =

√
2)(η, k), which is independent9 of γ and represents the maximum energy

at which the system remains bound for given η, χ, resp. η, k. Hence we have the
levels

Ei(η, k) = Vmin(η, k) + i
V (

√
2)(η, k) − Vmin(η, k)

11
, i = 1..10 . (4.5)

The points in the Casten triangle together with the choice of energy levels are
illustrated in fig.4.2 for η = 0.5, χ = −

√
7/2. We present the complete collection

of Poincaré sections obtained by the numerical calculation in the appendix ??.

Let us at first mention some very general (and sometimes trivial) features of
our Poincaré sections for better orientation of the reader. The sections at energy
E > 0 consist always of only one part. This is because the energy of trajectories
is above the value of local maximum10 V (0) = 0 and hence the energetically
accessible region in the configuration space in simply connected without forbidden
areas. On the contrary, at E < 0, the region around the central local maximum
is inaccessible and the Poincaré sections split into two parts.

Decreasing the energy further brings us to point Esplit when the regions around
the three global minima become separated. Hence we don’t see the spot at β < 0

9It may be checked by substitution into (1.89).
10See the fig.1.6 and 1.5 for an illustration of the potential.
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formed previously by the trajectories passing between two minima at γ = 2π/3
and 4π/3. Only the trajectories moving around the minimum at γ = 0 contribute
to the section and therefore it consists again only from one part.

In every case except χ = 0 (when the potential is radially symmetric), the
right hand part of the section is ‘bigger’. This is due to the fact that for β > 0
the trajectories pass above the global minimum of the potential and have greater
kinetic energy than trajectories passing the section at β < 0. It leads to higher
maximum pβ in the sample of trajectories.

We discovered three basic types of qualitatively different evolution of regular
behaviour in three regions of Casten triangle when the energy changes. The three
regions basically correspond to χ < χreg, χ ≈ χreg and χ > χreg, it means the
region between the arc of regularity and the SU(3)-U(5) edge, the region around
the arc and finally the region between the arc and the O(6)-U(5) edge. We discuss
them in the following paragraphs. The names of the paragraphs come from the
most significant behaviour observed.

1. Stable low−energy γ−vibration : The first type of dynamics is character-
istic for the region roughly between the arc of regularity and the SU(3)-U(5)
edge. It was found for η = 0.4, .., 0.6 at χk < χreg (ie. in our results at k = 0
and k = 1) and for η = 0.7 also at k = 3, ie. according to (4.4) in the regular
arc11. The low energy behaviour is illustrated by fig.4.3.

We observe the following scenario (see the appendix ??): At the lowest ener-
gies, the points form one regular island of concentric circles12, corresponding
to tori surrounding the central periodic trajectory. The periodic trajectory
is a stable (or elliptic) fixed point of the Poincaré map discussed in part 2.3.
At certain higher energy E two smaller islands occur stuck to the “top and
bottom” of the original circle. They are formed by trajectories surrounding
two new periodic orbits passing the section with pβ 6= 0.

The situation is shown in fig.4.3 in the particular case η = 0.4, k = 0 and
E = E6. The trajectory in panel (b) belongs to the original island of concen-
tric circles. The central periodic trajectory of this island would correspond
to almost pure γ−vibration of the nucleus13. The trajectory in panel (c)
belongs to the new set of circles. The periodic trajectory in the centre would
correspond to a mixed β − γ−vibration. Between and around the islands of
regular circles, we find a very thin layer of chaotic trajectories, one of them
is shown in the panel (a). Increasing the energy the width of the chaotic
layer increases, reaching maximum approximately around the energy Esplit
when the regions around global potential minima become connected. We
may observe also the Poincaré-Birkhoff “island-chains” around alternating

11The case η = 0.7 differs from the previous ones by it’s position close to the shape phase transition
at η = 0.8. The minima of the potential at η = 0.7 are already very shallow and our way of choosing
energy levels equidistantly from the whole range allowed doesn’t catch much detail of the dynamics
below E = 0 in this case.

12In all further discussions we will mean topological circles and tori.
13The Poincaré sections in figures ??, ??, ??, ??, ??, ?? and ?? corresponding to this type suggest

the periodic trajectory is stable, because at all considered energies we observe that it is surrounded by
the concentric circles. Further comments may be found at the end of this section.
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Figure 4.3: Poincaré section and selected trajectories at η = 0.4, k = 0 and E = E6.
Panel (a) shows a chaotic trajectory, panel (b) a mainly γ−vibrating trajectory and
panel (c) shows a mixed β − γ−vibration. The red line in panels (a - c) is the boundary
of energetically accessible area around the global minimum at γ = 0. There are identical
regions like this around each of the three minima. (Note β, γ are polar coordinates in the

x − y plane shown.)
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elliptic and hyperbolic fixed points14.

2. Stable low−energy β−vibration : The second type is observed for k = 3
at η = 0.4, .., 0.6. Again at the lowest energies one set of concentric circles is
observed, but increasing the energy, the central region splits into two separate
sets of circles. The periodic trajectory with pβ = 0 in the plane of section is
an unstable (hyperbolic) fixed point, hence we don’t see stable γ− vibration
as in the case 1. The trajectories corresponding to the two new sets of circles
are again mixed β−γ−vibrations as the trajectory (b) in fig.4.4. Contrary to
the case 1, the most ‘outward’ trajectories in the Poincaré section are regular,
not chaotic. They are vibrations mainly in the β−direction as the trajectory
(c) in fig.4.4. As the energy approaches zero, a regular island appears around
the position of former unstable periodic trajectory with pβ = 0 in the section.
This can be seen in panel (E8) of fig.??. Increasing the energy further, it
disappears. In comparison with type 1, considerably higher regularity is
present at high energies, in agreement with the results of [20].

3. Increased chaoticity : For k = 5 and 7, the observed dynamics is in general
much more chaotic. At the lowest energies we still observe regular concentric
circles. Increasing the energy they stretch in the direction of pβ in a similar
fashion as in case 2. In the panel (E3) of fig.??, the splitting of the central
circle into two parts may be seen, but the regular structure doesn’t persist
at higher energies. Fig.4.5 shows the section at E = E4 and η = 0.4, k = 5.
The two regular islands of mixed β − γ−vibrations (the trajectory in panel
a) are visible but are surrounded by a large chaotic “sea” of trajectories like
(b). The outermost circles in the Poincaré section consist of β−vibrating
trajectories like (c). Increasing the energy, the system gets almost completely
chaotic, the regularity slightly rises at the highest energies. We can in general
say that the type 3 contains similar trajectories as type 2 but these are much
more unstable.

We may say that the arc of regularity is a transition line between regions of
different low energy dynamics. For χ < χreg we observe stable γ−vibrations. At
the arc of regularity, they become unstable. Instead, stable β−vibrations appear,
which turn unstable in the region χ > χreg.

To determine the actual stability of the periodic orbits mentioned above, it
would be appropriate the calculate the Lyapounov exponents (cf. [9]) of the par-
ticular trajectory. Our method of Poincaré sections has to be considered as prelim-
inary for next, more detailed analyses. Anyway, it reveals interesting qualitative
changes in the dynamics.

4.2.2 Poincaré Sections at E = 0

The presence of a local maximum of the potential (1.89) for η < 0.8 makes the
energy E = 0 exceptional. We have already seen dramatic changes in dynamics

14In panels (E6)..(E8) of fig.??. They are however not specific of this place and can be found in any
point of the Casten triangle, where regular/chaotic transitions happen, as can be seen in the appendix.
The high energy behaviour is in general more chaotic in case k = 1 than for k = 0.
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Figure 4.4: The same as in fig.4.3, but at η = 0.4, k = 0 and E = E4. Panel (b) shows
a mixed β − γ−vibration, panel (c) a mainly β−vibrating trajectory. An intermediate
trajectory is shown in (a). Notice the absence of the central regular island in comparison
with fig.4.3.
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Figure 4.5: The same as in fig.4.3, but at η = 0.4, k = 5 and E = E4. Panels (a),(b),(c)
show a mixed β−γ−vibration, a chaotic trajectory and a mainly β−vibrating trajectory,
respectively.
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passing the zero energy at χ = 0. An interesting feature there was the presence
of periodic trajectories with T → ∞. In this section we are going to describe the
changes of Poincaré sections at E = 0 when χ is varied.

We performed calculations at η = 0.3, 0.5 and 0.7 changing χ with a step
∆χ = χreg(η)/20, where χreg(η) is determined by (4.3). The chosen values of χ
depend on an integer n:

χn = n∆χ . (4.6)

As the value of n increases from n = 0 to higher values, we proceed from the
O(6)-U(5) edge towards SU(3)-U(5) edge of the Casten triangle. the regular arc
is passed at n = 20.

We stopped the calculations either at the SU(3)-U(5) edge of the Casten tri-
angle15, or if the system was no longer bound at E = 0 for given χ — this is the
case of η = 0.3.In the appendix B, χn is used to label the panels in the figures.

Observations :
In all three cases η = 0.3, 0.5 and 0.7 the chaoticity of the system gradually
increases with n until approximately n = 7, as seen in figures ??, ??, ??.

1. For η = 0.3, see fig.??-??, the system is almost totally chaotic at n = 7 and
remains such until n = 15. At n = 16 three regular islands appear, and
gradually increase in relative size compared to the whole area of accessible
phase space section. At n = 18 yet another significant regular island appears
in the righthand part of the section between two of the previous islands.
The particular types of trajectories creating the islands are shown in fig.4.6.
They are essentially the same for all three η = 0.3, 0.5, 0.7. The regularity
is found to reach maximum at n = 20 which is the χreg from the fit (4.3).
At n = 21 it slightly decreases; for n ≥ 22 the system becomes unbound at
E = 0.

2. Very similar situation can be observed for η = 0.5, see fig.??-??, only some
not very large regular regions are found around n = 12. Again the regularity
reaches a maximum at n = 20, then decreases to a minimum around n = 26.
For n = 29, which is near the edge of the Casten triangle, a complicated
mixture of regular and chaotic regions is visible.

3. For η = 0.7, see fig.??-??, we have again a maximum of regularity around n =
20, but there are also other relatively strong maxima, particularly significant
are at n ≈ 10−11 and n = 13, separated by minima at n = 12 and 14. From
n = 15 the regularity increases until the χreg. A minimum can be found
at n = 27, then we observe rising regularity until the Casten triangle edge.
This dependence of regularity on χ is in fact very similar to SGM, as was
observed in [34, 35] at E = 0 varying the parameter B. We will discuss it in
more detail in the forthcoming section 4.3.

Let us show the regular trajectories that we observed as specific for the arc of
regularity. They are illustrated in fig.4.6 in case η = 0.7, n = 19, but their shape
is essentially the same for all η considered.

15ie. when |χ| exceeded value
√

7/2
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Figure 4.6: Poincaré section and selected trajectories at E = 0, η = 0.7 and n = 19. The
position of the red trajectory from panel (a) in the Poincaré section (d) shows the arrow
‘1’. The green trajectory is shown by ‘2’. The blue and violet trajectories in (b) are
numbers ‘3’, resp. ‘4’. The turquoise trajectory in (c) is one of the chaotic trajectories,
while the red one creates the island chain surrounding the circle of the trajectory ‘2’.
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The first three islands mentioned in preceding paragraphs are formed by the
strip-like trajectories moving between two global minima of the potential, like
the red, blue and violet trajectories in panels (a), (b). The two islands on the
righthand part of the section, which are mirror images of one another in β−axis,
correspond to the same16 trajectories ‘bouncing’ between either the minima at
γ = 0 and 2π/3 or γ = 0 and 4π/3. The trajectories from the lefthand side island
bounce between the minima at γ = 2π/3 and 4π/3. The actual deformation of
the nucleus during this vibration changes from a prolate shape with respect to one
axis in the real space to a prolate shape with respect to another axis. Particularly
in case of the minima γ = 0 and 2π/3, we have z ↔ x changes (see chapter 1.1.3).

The central island on the righthand side is created by the trajectories bouncing
across the global potential minimum at γ = 0 like the green one in panel (a). The
periodic trajectory in its center has the shortest observed primitive orbit in the
system and corresponds to a mainly γ−vibration around the prolate shape.

Discussion :
A bunching pattern among the energy levels just above E = 0 was observed [32, 33]
in quantum IBM at χreg when changing η. The picture may be found in fig4.7.
It looks very similar to the pattern that occurs at χ = 0, where it seems to be
related to the presence of singular torus of trajectories with T → ∞ in the classical
limit, as we discussed in section 4.1. In the arc of regularity χreg, it is much more
difficult to relate the existence of level bunching to effects in classical dynamics.
Let us discuss the situations that may give rise to important contributions to the
trace formulae.

One possible hint might be to look for periodic trajectories approaching closely
the local potential maximum, thus having large time periods T, which makes their
contribution to a trace formula greater. In fact, we can observe a shift of the
regular island of the type ‘1’ from fig.4.6 towards β = 0. The island deforms and
a tip visually touching the point β = 0 is formed when we approach the regular
arc increasing n, but the shape persists for all n until the Casten triangle edge,
where however no bunching pattern exists. This is visible in fig.??-?? for η = 0.7,
??-?? for η = 0.5 and ?? for η = 0.3. Hence our results suggest that the large
periods are not the case.

Another cause could be a temporary appearance and disappearance of a new
type of periodic trajectory around E ≈ 0, that would bring new terms contributing
to trace formulae. From this point of view, the short trajectories bouncing across
any of the global minima are interesting. They create in the Poincaré sections the
cental regular island of the type ‘2’ shown in fig.4.6. For η = 0.4, 0.5 and 0.6 they
were observed to exist in the arc of regularity only around E ≈ 0, which agrees
with the position of the bunching pattern. At η = 0.7 they exist in the whole
range of negative energies and only disappear above zero, not making the sudden
appearance. The level bunching at η ≥ 0.7 is in fact already fading away, as seen
in fig.4.7, hence the effects are in agreement.

16Any trajectory contributes by a dot to both islands in an alternating manner as it oscillates to and
fro between the minima.
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Figure 4.7: The spectrum of IBM energies (y-axis) in the “arc of regularity” changing
with η (x-axis). An interesting “bunching pattern” may be observed slightly above
E = 0 for η < 0.7 which corresponds to a strong fluctuation of level density. The
spectrum was calculated for N = 80 bosons. Hence the energy must be rescaled so that
our classical energy Eclass = E

8 . (calculation done by S. Heinze)
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4.3 Comparison with the Geometric Model

For comparison of the IBM dynamics with the SGM, we didn’t use Poincaré sec-
tions in variables β × pβ. Instead, we took Carthesian variables

x = β cos γ , (4.7)

y = β sin γ , (4.8)

and made the section x× vx, fixing y = 0. The velocity vx is given by

vx = ẋ = β̇ cos γ − βγ̇ sin γ , (4.9)

and for β̇, γ̇ we substituted the Hamilton equations (1.90). The reason for this
choice is that these variables had been used in the study of SGM [34], so it enables
us to make a straightforward comparison.

In case of SGM, px = Kvx, where K is a constant. Hence x× vx represents a
proper plane section through the phase space. In case of IBM it creates a curved
surface. The results however show that the sections x×px and β×pβ for IBM differ
only by deformation and the structures like invariant tori can be easily identified
in both.

We are going to expand the square root in the Hamiltonian (1.88) into first
order of Taylor expansion. The expansion is justified in case of small kinetic terms.
Since β <

√
2, the factorials suppress the growth of it’s powers. This leads to

H =
1

2K ′T + A′β2 +B′
(

β3 − β5

4

)

cos 3γ + C ′β4 (4.10)

+ D′β2T − B′

4
β3T cos 3γ +

B′

4
2pβpγ(β

2 + T − 4) sin 3γ +

+
B′

4

(

p2
γ

β
− βp2

β

)

(β2 + T − 4) sin 3γ + E ′(p2
γ/2 − T 2/8) ,

where

A′ =
1

2
η − 2(1 − η) B′ =

χ(1 − η)√
7/2

C ′ = (1 − η)

(

1 − χ2

14

)

D′ = (1 − η)

(

1 − χ2

7

)

E ′ =
χ2(1 − η)

7/4
K ′ = 1/η .

(4.11)

The first line is identical to the SGM Hamiltonian (1.24) except the term β5/4,
which makes a correction to β3. Because β <

√
2, we may expect it not to be very

significant.

We calculated the Poincaré sections in the interval η ∈ 〈0.65, 0.79〉 with step

∆η = 0.01 while χ was varied with step ∆χ =
√

7/2
14

χn = n∆χ , (4.12)
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n 0 2 4 6 8 10 12 14

χn 0 0.19 0.38 0.57 0.76 0.94 1.13 1.32

A′ -1.67 -1.67 -1.67 -1.67 -1.67 -1.67 -1.67 -1.67
C ′ 1.33 1.33 1.32 1.30 1.28 1.25 1.21 1.17

|A′ + C ′| 0.33 0.34 0.35 0.36 0.39 0.42 0.46 0.50

B′ 0 0.19 0.38 0.57 0.76 0.95 1.14 1.33

Table 4.1: Table of coefficients A′,B′,C ′ for comparison of IBM and SGM Hamiltonians.
Values of A′,B′,C ′ at η = 0.6 and varying χn. The values of A′ and C ′ differ considerably
in absolute value. (The numbers are rounded to two decimal places.)

n 0 2 4 6 8 10 12 14

χn 0 0.19 0.38 0.57 0.76 0.94 1.13 1.32

A′ -0.71 -0.71 -0.71 -0.71 -0.71 -0.71 -0.71 -0.71
C ′ 0.86 0.85 0.85 0.84 0.82 0.80 0.78 0.75

|A′ + C ′| 0.14 0.14 0.13 0.12 0.11 0.09 0.06 0.04

B′ 0 0.12 0.24 0.37 0.49 0.61 0.73 0.86

Table 4.2: The same as in table 4.1, but for η = 0.7. The values of A′ and C ′ differ
much less in absolute value than in both tables 4.1 and 4.3.

taking n = 0, .., 14.

At η ≈ 0.7, E = 0 and χ ∈ 〈0,
√

7/2〉, we found x × vx sections very similar
to those of SGM for E = 0 and changing the parameter B while K = 1, A = −1,
C = 1 are fixed17.

At η ≈ 0.7 the minima of the potential are very shallow, hence at E = 0
the kinetic terms are small and we may neglect all the terms in (4.10) except
the potential terms in the first line. Moreover, the absolute value of coefficients
|A′| ≈ |C ′| in the region η ≈ 0.7, while at other values of η, A′ and C ′ differ
significantly. This is demonstrated in tables 4.1, 4.2 and 4.318. Hence for η ≈ 0.7
we get, using the approximation (4.10), a Hamiltonian indeed almost identical to
SGM Hamiltonian (1.24) at K = 1, A = −1, C = 1.

Here we present only the sections at η = 0.71, which were found to be the most
similar to SGM sections. They are included in the appendix ?? in fig.?? and ??.
The correspondences of individual sections are presented in table 4.4. The SGM
sections may be found in [34, 35].

The most interesting observation is the correspondence of the peak of regularity
at B ≈ 0.6 in the SGM to the arc of regularity of IBM.

17It was shown in [34] that only one of the three coefficients A, B, C essentially affects the dynamics,
the other two may be eliminated rescaling the Hamiltonian, the coordinates and time.

18The coefficients K′, A′, B′, C′ presented in the tables were rescaled so that K′ = K. Then the
Poincaré sections at given value of K in SGM and K′ in IBM can be compared in a straightforward
way.



56 CHAPTER 4. RESULTS

n 0 2 4 6 8 10 12 14

χn 0 0.19 0.38 0.57 0.76 0.94 1.13 1.32

A′ 0 0 0 0 0 0 0 0
C ′ 0.50 0.50 0.49 0.49 0.48 0.47 0.45 0.44

|A′ + C ′| 0.50 0.50 0.49 0.49 0.48 0.47 0.45 0.44

B′ 0 0.07 0.14 0.21 0.29 0.36 0.43 0.50

Table 4.3: The same as in previous tables, but for η = 0.8. The values of A′ and C ′

again, as in table 4.1, differ considerably in absolute value.

SGM ↔ IBM

B = 0 ↔ n = 0
B = 0.24 ↔ n = 2
B = 0.3125 ↔ n = 4
B = 0.62 ↔ n = 8

B = 1.09 ↔ n = 10

Table 4.4: Observed correspondences of Poincaré sections at E = 0 in SGM with A =
−1, C = 1 and IBM at η = 0.71.
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4.4 Summary

4.4.1 Integrable Case χ = 0

The results of our numerical calculation show both possible sources of diverging
contributions to the Berry-Tabor trace formula (3.46), namely we observe the
trajectories with period T → ∞ and bifurcations of periodic orbits.

1. The occurrence of the “cross-like”19 trajectories at E = 0 indicates the ex-
istence of singular orbits with period T → ∞ which probably are, by their
contribution to (3.46), responsible for the level bunching in the IBM with
L = 0 at E ≈ 0.

2. Bifurcations of quasi-periodic trajectories20 characterised by the ratio of γ−
and β−vibration periods R = Tγ/Tβ were observed. The bifurcations occur
among trajectories with R ∈ 〈2, 3〉 in the whole range of energies E > 0.
Below certain value of energy Ec(R), the trajectories with given R exist in
the system as two branches differing by their width ∆β in the β−coordinate.
At EC(R) the branches merge and consequently cease to exist at E > Ec(R).
The situation leads to vanishing value of g′′E in the Berry-Tabor formula
(3.46). The divergence of the formula (3.46) due to bifurcations does not
seem to be directly relevant for the observable fluctuations in level density
of IBM with angular momentum L = 0 :

The appearance of the very simple21 trajectory R = 3/1 in the interval
E ∈ 〈−0.03, 0.01〉 bifurcating at E = 0.01 coincides with the level bunching
at E ≈ 0 well. On the other hand, the bifurcation point energies Ec(R) of
the other trajectories observed22 do not correspond neither to the secondary,
much weaker bunching patterns observed. Their contributions seem to cancel
out in interference.

The analysis of both periodic and nonperiodic classical vibrations disclosed a sub-
stantial change in the spectrum of allowed values of R taking place in a very narrow
energy interval around E ≈ 0. The interval represents the transition line between
the O(6) and U(5)-like types of dynamics. For E < 0, the inaccessible central disc
in the plane of deformation parameters causes the trajectories to bounce between
the inner and outer border. This “bouncing” type of trajectories is characteristic
for O(6). At E ≈ −0.03 the central disc becomes sufficiently small to allow vibra-
tions with R ∈ (2, 3〉, and at E = 0 when it vanishes, the oscilator-like23 orbits
with R = 2 arise. With the energy further growing to positive values, individual
vibrations with R > 2 gradually disappear in bifurcations (“annihilations” of two
separate ∆β branches of given R).

19These trajectories approach the nearest vicinity of the potential maximum at β = 0, see figure 3
of [37].

20For details about how the “quasi periodicity” was determined see the appendix A on numerical
methods.

21It resembles a “Mercedes-Benz star” in it’s shape.
22We counted the numbers of trajectories with R = a/b, with integers 2 ≤ a < 14 and |b| < a/2, for

explanation, see the appendix A.
23The potential of U(5), when the angular momentum L = 0, is identical to 2D harmonic oscillator

in the β − γ plane.
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4.4.2 Chaotic Regions of Casten Triangle and Arc of Regularity

We have performed an extensive scan of the energy dependence of the classical
dynamics in the region η ∈ 〈0.4, 0.7〉 of the Casten triangle and created a collection
of phase space pictures obtained by Poincaré section method. The interplay of
chaotic and regular behaviour found is in general rather complicated. However,
we observed transitions of particular periodic orbits from stable type to unstable
or vice versa, when changing the parameters.

We recognised three different types of low-energy behaviour in the regions of
the Casten triangle corresponding to the arc of regularity with χ = χreg(η) and
the areas χ < χreg(η) and χ > χreg(η). We found stable γ−vibrations to be the
dominant periodic motion at low energy for χ < χreg(η), ie. between the SU(3)-
U(5) edge and the arc. Here, the β−vibrations are unstable. Around χ = χreg(η),
the β−vibrations become stable and the γ−vibrations on the other hand unstable.
For χ > χreg(η), ie. in the direction towards the O(6)-U(5) edge from the arc of
regularity, both modes become unstable and chaotic behaviour prevails.

In the arc of regularity χ = χreg(η), we observed a temporary occurrence of a
significant regular island in the Poincaré sections around E ≈ 0, which coincides
with the presence of the energy level bunching in the IBM spectrum and it was not
found in the neighbouring regions of the Casten triangle. The periodic trajectory
in the middle of the island is a vibration mainly in γ−direction across the global
potential minimum at γ = 0.

4.4.3 Comparison with SGM

We have found a region in the Casten triangle of IBM, where the low energy
dynamics is very similar to SGM. This lead to identification of the IBM arc of
regularity with the peak of regularity at B ≈ 0.6 in SGM for E = 0 observed
in [34, 35].



Appendix A

Numerical Methods

This appendix contains explanation of the most important algorithms we used for
solution of equations of motion and for evaluation of the obtained trajectories.
The codes were written in C++.

A.1 Solution of Equations of Motion

The Hamilton equations of motion (1.90) for IBM form a set of four coupled non-
linear differential equations of first order. For their solution we used the standard
Runge-Kutta method of fourth order, which was tested to be an optimum choice
for solution, cf. [34].

It’s description may be found in the Numerical Recipes [13], or in [34]. The
procedure integrating the equations of motion and simultaneously creating the
Poincaré sections is based on the codes written by Pavel Stránský [34]. The
procedure was modified for solving first order Hamilton, instead of second order
Lagrange equations, and some simple problems resulting from the presence of
square root term in the Hamiltonian had to be tackled. The method of bisections
was utilised for numerical determination of potential minima.

The equations of motion have been solved simultaneously for a sample of usu-
ally 120 trajectories with integration step chosen in the interval ∆t ∈ 〈10−4, 8 ×
10−4〉. The output was being saved into three text files. The first file contained
trajectory points separated by n = 1000 integration steps. The points of trajec-
tory passage through the plane β× pβ at γ = 0 were always saved into the second
file for plotting the Poincaré sections. The third file was used to check the energy
conservation.

A.2 Search for Quasiperiodic Trajectories at χ = 0

It part 4.1 we discussed the measurement of occurrence frequency of quasi-periodic
trajectories at different values of E in the integrable case χ = 0. Here we are going
to describe how the characteristics of trajectories were determined.

The figure A.1 shows a schematic picture of a perfectly periodic and two quasi-
periodic trajectories.
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Figure A.1: Schematic picture of an ideally periodic (left panel) and two quasi-periodic
trajectories (central and right panel) of the type R̃ = 5/1. The actual shapes of trajecto-
ries observed in the system may be found in appendix C, article [37]. The numbers 1 − 6
denote consecutive maxima of β−deformation during the time evolution of trajectories.
The periodic orbits close after µγ revolutions in γ−direction (in the case presented
here µγ = 1). The quasi-periodic trajectories “miss” the closure by |δγ| < ε/2. They
may be of both the “unclosed” or “crossed” type as shown in central and right panels
respectively.

1. By a procedure scanning the text files containing the β, γ coordinates of the
set of trajectories at 1000 time points, we determined the quantities ∆β, ∆γ.
∆γ is illustrated in the left panel of the figure — it is the angle between pairs
of adjacent maxima ∆γi = γ(βmaxi

)−γ(βmaxi+1
) averaged over all maxima of

given trajectory found in the file. The inverse of ∆γ multiplied by 2π equals
the ratio of vibration periods

R =
Tγ

Tβ
=

2π

∆γ
. (A.1)

Similarly ∆β is the average radial distance of pairs of adjacent maxima and
minima ∆βi = βmaxi

− βmini
for a given trajectory. These quantities were

determined for all trajectories. We created histograms for distributions of R
at each energy.

2. Except of this, we looked for several simple types of quasi-periodic trajecto-
ries with R ≈ R̃ ≡ µγ

µβ
, where µγ = 2, .., 13, 1 ≤ µβ ≤ µγ/2 are integers. The

ratio was determined as follows :

We found the first maximum βmax1 , γmax1 and saved its value. Then we went
on scanning the file until a maximum βmaxj

, γmaxj
, for which

γmaxj
− γmax1 = 2πµγ ± ε/2 , (A.2)

which means we got an almost closed orbit with a tolerance ε. Hence we
determined the ratio R̃

R̃ =
µβ

µγ
, µβ = j − 1 , (A.3)

for the given trajectory, which differs from R by

R − R̃

R
≤ ε

4πµγ
(A.4)
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The tolerance chosen in classification of generated trajectories was ε = 10o

for all presented results. This relatively large value was used in order to
obtain higher yields of trajectories with given R̃ at reasonable computation
times. We checked the results evaluating the occurrence frequencies with
tolerance decreased to ε = 2o and found the same shape of dependencies,
only the peaks were less pronounced.

We formed histograms of ∆β distribution for each type R̃ of quasiperiodic
trajectories at each energy and histograms of energy distribution for each
type R̃.
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Appendix B

Articles

This appendix contains a two-part article that has recently been submitted to
Physical Review C magazine. It can be also found in the archive at http://www.-
arxiv.org/archive/nucl-th, under No. 0504016 and 0504017.

The second part of the article is based on the results of this diploma thesis
concerning the integrable transition from O(6) to U(5) symmetry in the IBM 1.
The first part explains in detail the quantum effects connected with the transition
and serves as a basis for the semiclassical analysis found in part two.
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