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Chapter 1

Introduction

Investigation of non-linear dynamics and chaos has become common in recent
decades. The domain not only ceased to be an eccentric mathematical field
of study as it had been be in the age of H. Poincaré, but the progress in the
theoretical department allowed numerous physicist to take part in it as well.
Although their approach could sometimes be dubbed unrigorous, their focus
is set firmly on the ever-expanding universe of chaotic phenomena.

The nuclear physics is no exception. Classical and quantum chaos has been
being analyzed in many systems, and models. Despite the fact that such
investigation might seem to lack practical application at times, it is invaluable
to the understanding of the phenomenon. As chaos does exist in the nuclear
physics, it would be most unwise to disregard it.

This work is an extension of thesis [1] that deals with the classical chaos in
the geometric collective model. The model indeed exhibits chaotic behavior
and possesses several interesting features. For these reasons, I believe that it
was worth studying.

I decided to split this chapter into two parts. The first one presets
an overview of the work. The other contains bibliographical notes on the
chapter-by-chapter basis. Its purpose is to provide a clear insight into gene-
sis of the work, so that the new material can be distinguished from the cited
material.

1.1 Overview

One year ago Pavel Stransky presented and defended his thesis on classical
chaos and phase transitions in the geometric collective model, [1]. He focused
on a function of the system’s regularity fio, . This function — also termed
measure of reqularity was dependent on the parameters of the system. Now
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the system was well described by the following Lagrangian:
K .
L= 5(52 + 3%4%) — AB? — BB? cos(3y) — CB*. (1.1)

Such system would surely be integrable if B = 0. Apparently, the cubic
term can be regarded as a perturbation, and B as its strength.

The areal fraction of regular trajectories in a chosen Poincaré section was
picked as a good measure of regularity.? Thus the dependence of fo on B
was studied for zero energy. The result was a considerably complicated, non-
monotonous function, see fig. 1.1, green line.
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Figure 1.1: Dependence of regularity on B for the non-rotating case.
green: results from [1] (fig. 4.2), blue: new results.

These results, however, were obtained for the non-rotating case. The in-
fluence of rotation on dependence (fig. 1.1) has not been studied.
This work attempts to fill the gap and address the question. The afore-
mentioned rotation has to be understood as the mode of deformation that

1See App. A.1.
2Chapter 5 is dedicated to explanation of the recurring words, such as regular, chaotic,
stable.
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has been so far suppressed.?

The classical angular momentum is the quantity that can be used for classi-
fication of possible cases.? Firstly, its absence indicates absence of rotation.
Secondly, j, the fraction of its instantaneous magnitude J and maximum
magnitude J,,,, provides a notion of how much the system is rotating.
Despite the more complicated nature of the rotating case, it can be shown®
that its Lagrangian is quite similar to (1.1):

L= %2 + 3% + %07 sin*y) — AB® — Beos(37)8° — ', (1.2)

The formal similarity of the Lagrangians does not automatically imply sim-
ilarities in the fie. On the other hand, the limit of zero j (no angular
momentum) must surely correspond to the old results (fig. 1.1). It can be
safely concluded that this correspondence has been observed, see fig. 1.1,
blue line.

The method that has been employed by P. Stransky is based on the
Poincaré sections. This approach was a indeed viable and quite demon-
strative, as the sections themselves provide a good picture of the system’s
behavior. This obvious advantage is based on the two-dimensional nature of
the problem.”

The rotating case is essentially richer and more complicated. Its dimen-
sionality is thus higher, cf. (1.2). Employment of the Poincaré sections is
still possible, but they lose their greatest asset — demonstrative value. Even
if we persisted, a direct comparison of these sections to the old ones would
unlikely yield any worthwhile observations.

Once we decided to abandon the idea of Poincaré sections, a new method
for measuring regularity of the system had to be proposed and established.
A very natural criterion is the density of the regular (stable) trajectories in
the phase space. For a very precise partition of the phase space this would
be superior to the method of Stransky, as the volume density would be ob-
tained — compared to the surface density of yore. Such construction is just
purely theoretical because the computations are quite time-demanding, see
sect. 7.4.

Stability of trajectories was tested by two alternative methods. One involves
calculation of the leading Lyapunov exponent associated with the trajectory,

3More specific information concerning deformations and GCM can be found in Chap-
ter 2.

4The angular momentum is properly defined by (3.8).

5Cf. sect. 3.2.1.

SDiscrepancies in the correspondence will be discussed further in sect. 5.1.1.

"The dimensionality here refers to the number of degrees of freedom.
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the other asymptotical properties, sect. 7.1. So the method of determining
freg we employed is clearly different than in [1]. Therefore the correspondence
of the lines in figure 1.1 provides a welcome proof that the method is valid
and useful.

Figure 1.2: Dependence of the fie; on B for four values of j.

Figure 1.2 shows that the presence of rotation does change the scenario.
The essential general features of the results are visible here.® The most
prominent of them is existence of three distinct regions. The general behavior
of fregis similar within a region, while it significantly differs from those from
other regions. The following brief discussion will be made with reference to
the zero level of angular momentum (blue line).

1. For 7 <« 0.05 the graph approximates to the zero level of angular mo-
mentum.

2. For angular momenta j =~ 0.05 the picture resembles the non-rotating
case in the middle of the interval. It copies the general behavior, but
is much less accurate that the previous case.

8Chapter 5 contains more graphs and dedicated analysis. It also puts forward more
precise estimates on bounds of regions 1-3. It also features analysis of error estimates.
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3. For 5 > 0.05 the situation is considerably altered. The dependence
falls into the first minimum, as it does rejoin on the top of B = 0.6. It
follows the referential line for a while, but breaks off at B = 0.75 and
the regularity is soon saturated.

A significant general trend is that mazimum reqularity is attained for
smaller values of B for increasing j. Naturally more evidence is required
and indeed shall be put forward later in Chapter 5.

Another standard quantity that is often studied in chaotic systems is the
mean leading Lyapunov exponent ¢.? The preference of Poincaré sections in
[1] means there are neither older results, nor a known limit reference point
available. Our possibilities for comparison are limited as a consequence.
Notwithstanding, a sample is given in fig. 1.3. We can safely state that the
figure reaffirms the classification we have already introduced. Also, it can
said that the figure displays almost the same information in a different type
of scale.
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Figure 1.3: Dependence of the leading Lyapunov exp. ¢ on B for the same
values of j.

91f the nomenclature seems awkward, refer to sect. 4.2.
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1.2 Bibliographical Notes

Despite the fact that sources of information are nowadays properly cited, it is
increasingly difficult to separate cited parts of the text from the original ones.
The purpose of this section is to counter such unclarity by providing clearer
grounds for a reader. The acquired important equations and concepts will
be listed. The rest can be considered either as their derivatives or original
work.

1. Introduction: It features the eq. (1.1) cited from [1].

2. Kinematics: the Chapter 2 draws heavily from [4]. In fact, there is
little that could be added. The only slight innovation is an explicit
introduction of the matrix « that has been taken from [1].

3. Dynamics: The origin of the starting equations is attributed to both [4]
and [1]. The essential expressions (3.1) and (1.1) were taken from [1].
So were the expression for the angular momenta (3.8). The scaling of
the Lagrangian (sec. 3.1.2), is attributed uniquely to [1]. The introduc-
tion of the Bohrian coordinates and simplification of the equations via
J3 are new concepts.

4. Classical Chaos: The concepts and definitions used there are more or
less generally known. Little if any of what can found there is original.

5. Chapter Regularity and Lyapunov Exponent features figures, graphs
and their analysis. Hardly anything could be attributed to other sources.

6. The Treatise of the PAS comprises expressions that are either original
or those that have featured in the previous chapters. The name of the
sec. 6.3.1 is a lease from [4].

7. Numerical Aspects: The part dealing with the RK is based entirely
on the [8]. The recipe for use of Method 2 was found directly at the
website [3]. The other method has indeed been used in [2], but the
implementation here is hardly more than inspired by the cited work,
as it stems from the rather general concepts of the chaos theory.

8. The Appendices contain little of any bibliographical interest. The
course of derivations, results, and possible errors are obviously orig-
inal.




Chapter 2

The Kinematics of the GCM

2.1 Basics

The Geometric Collective Models has been proposed by Bohr and Mottelson
([9], [10]) and later elaborated by Faessler and Greiner ([11]). This work,
however, does not focus on the model itself so the model will be presented
in short. The book [4] is recommended as an excellent source of further
information.

The GCM neglects the nuclear structure in favor of simplicity. The nucleus
is considered a charged liquid drop. The surface layer is neglected as well.
Precisely, we study deformations of the nuclear surface. These could be either
rotations or vibrations.

The nuclear surface can be described by the following expansion:

R(,¢,t) = Ry <1 +Y > aili(t)Y,\u(H,qﬁ)) (2.1)

A=0 p=—-X

The a-s are known as the shape parameters. The parameters describe a
change from the spherical configuration. As they are time-dependent they
serve as collective parameters. Consequently, studying the nuclear motion
turns into investigating the time-dependence of the collective parameters.
The collective parameters possess the following noteworthy properties:!

1. Complex conjugation:
oy, = (—D)*a,_, (2.2)

A

IThe simple proofs can be found in [4] and [1].
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2. Transformation with respect to rotations:

O[g\ﬂ — Z ID;(L);L)/O[)‘:“’/ (23)

W
3. Transformation with respect to parity:

o = (=1 ay, (2.4)

A

2.2 Quadrupole Deformations and the Prin-
cipal Axes System

The expression (2.1) contains an infinite series. Eventually, it is possible to
show that 0-th and 1-st order terms can be dropped, as they do not present
proper deformations. Moreover, the series can be truncated, as the octupole
and higher modes of deformation are negligible. (See [4] for details.) Now
the eq. (2.1) becomes simpler:

R(6,6.1) = Ry (1 3"l (0)2(0, cb)) (2.5)

So there are five complex collective parameters: {a, ,,a, ,, 0y, Oy )
These, however are not independent, as a result of the (2.2). One can swiftly
recognize that the parameters with negative second index are redundant. In
addition, the a,, is real. In the end we conclude that there are five real
parameters remaining: {ag, ay,, a,,, a5y, o, }, Where a,, = oy, +ia,,.

The collective parameters «,, can also be termed as spherical. This cor-
responds to the fact that they arose via employment of the spherical coordi-
nates. As ever, we are not bound to one set of coordinates. We will employ
the cartesian coordinates now and demonstrate kinematical separation of ro-

tation and vibration.

We begin with the expression analogous to the (2.1), where the expansion
of the radius R would be done in (z, y, z,t). The truncation of the series could
be performed as well. As a result, the relevant collective parameters would be

{4, Wuyy Ay vy, vy . . The relation between the spherical and cartesian
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parameters are (cf. [1], [4]):

1 /87

Ay yy = 5 1_5(am — Qyy + Qiaxy)
|81 .
Ayyy = + B(awz + 'Layz)
8t 1

=1/— 20, — — 2.6
0 = |/ 5 g 200 — 0~ 00) (26)

A few remarks should be made here. First, the cartesian parameters are real.
Secondly, the subsidiary condition

Oy + 0y +a,, =0

ensures the number of independent parameters totals five.
The cartesian parameters form the matrix of the second derivatives in the
Taylor expansion (Hessian).? We rearrange the parameters into a matrix:3

o{zz azy o{zz
a=|a, o, . (2.7)
Q. Q. o

Tz yz zz

Obviously, the matrix « is symmetric. So there exist such a basis that «
becomes diagonal:

o 0 0
=10 o, 0 (2.8)
0 0 o,

The trace of a matrix is invariant with respect to orthogonal coordinate trans-
formations, so we safely assume there are only two independent parameters.
And they must correspond to vibrations. This is apparent because (only)
the rotations can be eliminated by a coordinate transformation.*

The special coordinate system is termed the principal azes system (PAS). Its
choice is unique up to permutations of the axes and inversions.

It would appear that the PAS is the best system to describe the quadrupole

2This can be verified by a somewhat tedious explicit calculation that involves rewriting
the spherical harmonics by cartesian coordinates. Unfortunately, both [1] and [4] contain
the hint, but lack the proof itself.

3As it could have been observed earlier, we tacitly assume that partial derivatives of
the radius with respect to coordinates commute.

4An arbitrary deformation of the continuum can be described by a sum of translation,
rotation and proper deformation. Translation is not present in our case; it would be
described by the first order in the expansion (2.1).
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deformations. This is undoubtedly true whenever the deformations of the
nucleus are reduced to vibrations.® Its use for the more general case remains
limited, though. (cf. Chapter 6)

2.2.1 The Bohr Coordinates

The equation (2.6) ensures that the only remaining spherical parameters in
the PAS are a,, and «,,. Additionally, the latter is real, so we end up with
a,, and of. As there are no other parameters left, we drop the superfluous
indices:

ay =y, a, = an .

A. N. Bohr proposed another set of coordinates in article [9]. They are
essentially deformed polar coordinates in the plane (ay, a,):

oy = [eosy,

(2.9)

1
a, = —fsin~y.
2 \/§
The choice of the % is a shrewd one, as it guarantees that 32 is invariant.%
Once a Lagrangian is constructed from «a, and «, and their derivatives, it

can be rewritten using the Bohr coordinates. Eventually, its form may be
much simpler, cf. (1.1), (3.7).

5In this case the vibrations “stay in the primordial PAS.”
6Such 3 is a correct radial coordinate that remains constant under rotations cf. [9], [4].



Chapter 3

The Dynamics

Once the basic concepts, e.g. parameters of the model have been introduced,
the dynamics can be investigated. This essentially comprises introduction of
a Lagrangian or a Hamiltonian and derivation of the corresponding equations
of motion. Finally, given certain constraints, both the Hamiltonian!' and the
equations can be simplified.

The first part of the chapter (sec. 3.1) follows chapter 2 of [1]. The con-
struction of the Lagrangian, however, is not repeated here, so our starting
point is the expression (2.25) in [1]. Immediately, we discard the terms in-
cluding o, o}, and their derivatives. This will be justified in the later in the
section 3.2.1. The constants in the Hamiltonian will be renamed as in [1], so
we obtain the usual dependence on A, B, C' and K. The last substitution
will dispose of the multiplicative factors.

The penultimate section introduces Bohrian coordinates, while the last sec-
tion summarizes the scaling properties of the Lagrangian. (cf. sec. 2.6 in[1])

The second part (sec. 3.2) deals with the angular momentum. We rewrite
the appropriate expression that have been derived. Additionally, we have to
give grounds for the simplification mentioned above, so the rest of the section
will be dedicated to this end.

!The Hamiltonian formalism is slightly preferred in this work, but the same simplifica-
tion could be done in the Lagrangian. In the course of the chapter both the Lagrangian
and Hamiltonian are used.
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3.1 Hamiltonian and Equations of Motion

The Lagrangian that has been put forward in [1] is:

By
L=+ 2
V5

& 2 2 2
- Tz (|a20| +2|a21| +2|a22| )_

V5

(|O“20|2 + 2|d21|2 + 2|d22|2) -

2
_03 %{QQO(_VIQOP_3|a21|2+6|a22|2)_
— 3V [kl ol — alal,) +2ahalal] f-
Cy 2
- ? (|a20|2 + 2|a21|2 + |a22|2) . (31)
Following the cited work, the constants A, B, C, and K are introduced:
2Bs 20, 2 Cy
K=—, A= —, B=-Cs54/—, Cc=—. 3.2
7 NG 3\ 35 : (3.2)

Moreover, we will use the fact the following statement:
ay(t)=0 & a,(t)=0 Vt.

Its proof requires the form of the angular momentum that has not been
introduced yet, so it has to be postponed to the section 3.2.1. Additionally
it carries some formal restrictions as well.

Immediately, the following substitution can be proposed:

N=aq,, E=V2a, (=V2d,.

The Lagrangian now becomes simpler — the multiplicative factors of 2 have
been eliminated.?

L= g(ﬁ2+§'2+4‘2> — AW +&+ )+ Bf3(&” +¢*) =] = C(n* + 62+ )
(3.3)
The Hamiltonian is then:

1
H = oo (mtm +m0) + A’ +6+C%) = Bn[3(E+%) =]+ O + €+ %)%,
(3.4)

2A note of caution is needed: These new coordinates are not the ones employed by
Greiner in section 6.2.3 of [2]
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where the generalized momenta are defined by:

oL ) . .
ﬂnza—ﬁ:Kn, e = K¢, e = K(.

So we arrive to following canonical equations of motion:

1
n= N
ity = =240+ 3B(6* + (* — n?) — 4Cn(n* + € + (?)
1
§=2m
fre = —2¢[2A — 3Bn + 20 (n* + & + (%))
o1
(=
fre = —2C[2A — 3By + 20 (0% + € + ¢?)] (3.5)

It is remarkable that the equations for £ and ( are related by the transfor-
mation & < (. This could have already been anticipated from the form of
the Hamiltonian (3.4).

Due to the technical its nature discussion of the integrals of motion and
integrability of the Lagrangian (3.3) is postponed to the Appendix A.

3.1.1 The Bohrian Coordinates

The paragraph presents Bohrian® coordinates. They stem from the form of
(3.3) and the original Bohr coordinates (2.9). Effectively they are spherical
coordinates:*

&= [Bsinysind, B € (0,00)
( = (sinycosd, ~v € [0,7)
n = Bcosv, §€0,2m). (3.6)

The Lagrangian (3.3) can be easily recast:

L= g(ﬁQ + 8%42 + 3% siny) — AB? — Beos(37)5° — C32. (3.7)

3A new set of coordinates inspired by the Bohr one. The name distinguishes them from
the proper Bohr coordinates (cf. 2.9) while preserving their origin.

4Note that they are spherical with respect to the rescaled parameters (&, ¢,n). The ex-
pressions would include factors \% if (o, al,, a,,) were on the right-hand-side of the (3.6).

Eventually refer to (2.9).
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This form of the Lagrangian is suitable for further calculations, as the poten-
tial is the same as in the case with zero angular momentum. The correspond-
ing Hamiltonian and equations of motion can be derived straightforwardly,
and therefore we omit them.

3.1.2 The Constants in £ and 'H

Both the expression (3.4) and (3.7) contain four unspecified constants A, B,
C, and K. Despite that the Lagrangian can be considered one-parametric.
This is enabled by the scaling of the equations described in the section 2.6
of [1]. Here, it suffices to say we adapt the parametrization by B. The
remaining parameters shall be set as follows:

—-A=C=K=1.

Not only will this approach lead to easy comparison of the results with those
published in [1], but it is natural as well. The B can be identified as the
strength of perturbation.’

3.2 Angular Momentum

In the section 2.2.1 of [1] the author has constructed the angular momentum
appropriate for the system using the tensor operators.

2
7= 22 B [Vl a5 — el + ol — aB,) + Vol — )]

2
)y = —2\@ By |V2(alal — alial, + alad, — aldl) + V3(ayal — aydl)|
4

_ "R 1 R -1 ‘R I R -1
J3 - BQ [a21a21 — Q5 Oy + 2(&220422 - a22a22)]

V5
Once B, is substituted by K (3.2) we obtain:
i = V2K [V2(ala - abak + afal, — alal) + V3(dyal - aydl,)]
T = V2K [V2(akak — alak + alal, - abl) + V3(dyal - aydd)]
Jy =2K [d;a;l - a;d;l + 2(6532&;2 - a;d;)] (38)

The three components of the angular momentum constitute three inte-
grals of motion. This stems from the way they have been derived, cf. sec-
tion 2.2.1 in [1]. Alternatively the statement can be verified by explicit

>The system described by (3.7) is integrable when B = 0, see also app. A.2.
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calculation.

Note, however that these integrals of motion are not in involution, as the
corresponding Poisson brackets do not vanish. So there exist only three in-
dependent and compatible constants of motion: energy, one component of
the angular momentum® and the total angular momentum. We have to deal
with five degrees of freedom, so we can expect that the system will not be
fully integrable.”

Last, discussion of maximal angular momenta for a given energy and param-
eter B can be found in appendix B.

3.2.1 Reduction of the Equations

Assume, the system contains an arbitrary angular momentum f, J = (J1, J2, J3).
There is no doubt, however that it is possible to choose a coordinate system so
that J' = (0,0, |.J]), if J # 0.2 Now the most general case when J; = J, = 0
and J3 = J # 0 implies

R R

— — A = A =
Qyp = Qyp = Qyy _0521_0'

Proof: The statement follows from the form of (3.8):
Ji = \/§K [\/i(aéla?z - d;la; + d;a;Q - a;d;Q) + \/g(dma;l - a20d;1)] =0,

Jo = VIK [V2(alal, — alal + alal, — alddy) + V3{dyak — aydl)|

0.

So the expression for % is equal to:

Jy + Jo
V2K

= V2a3, (5 F &) + V205 (ay, F af)) + V2aL, (a5 £ o) -
_\/éd;Q(a; + a;l) + \/§d20(a;1 + 041;1) - \/50420(@;1 + 041;1) =0.
If we require that a,,, o, o), and d,,, &k, &4, are independent and arbitrary,
then the equation holds only if the terms in the parentheses are zero. This,
however is only possible if both terms in the parentheses are zero. It follows
that o, = o) = o), = &, = 0. We briefly check that J5 can be still non-zero
in these circumstances. As it can, the proof is complete. Il

Now, we can apply the parametrization by (7, &, ¢) and obtain the Hamil-
tonian in the form (3.4). The simplification is a considerable asset, as the

6The third component tends to be preferred, and so it will be in our case
"See app. A for details.
80therwise the problem becomes very simple indeed, cf. section 2.2.2 in [1].
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number of equations that have to be solved has been decreased. The com-
putational time will be reduced as well.”

The resulting case is 3-D. However, the system is still not integrable.
There are only two independent and compatible integrals of motion at our
disposal, because the norm of the angular momentum is now dependent on
Js. In fact, |J] = | Js|, as we designed.

9The issue of computation time is indeed relevant, see section 7.4.



Chapter 4

Classical Chaos

The chapter summarizes basic concepts of the chaos theory. It is not meant
as an extensive overview; it rather provides definitions of the concepts that
are frequently used. There is no standard recommended reference book to
this chapter. The voluminous [7] could surely be used, but it is unnecessary.
The chaos theory is usually based on the Hamiltonian formalism, so a few
definitions will be repeated for convenience.

4.1 Fundamentals

A system with N degrees of freedom is described by N generalized coordi-
nates q; and N generalized momenta p;. The corresponding 2/N-dimensional
Euclidean space is referred to as the phase space.
All quantities in the Hamiltonian mechanics are functions of the coordinates,
momenta and time.

The center of the Hamiltonian mechanics is the Hamilton function or
Hamiltonian, H(q, 7, t). The Hamiltonian equation of motions have the fol-
lowing shape:

OH
= —— 4.1
OH
T — ———. 4.1b
s 90, (4.1b)

A solution of the equation of motions is termed as a trajectory. Note that
trajectory also contains velocities, so it comprises more information than a
photography.
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An important concept of the Hamiltonian mechanics is the Poisson bracket.

Definition: The Poisson bracket
If A and B are functions of canonical coordinates and momenta, then their
Poisson bracket is defined by

{A, B}poiss = Z dg; Om;  Om; Oy

i=1

N
(6/1 0B 0A 83) ’ (4.2)

where N is equal to the number of degrees of freedom.

The Poisson bracket possess a number of well-known properties: antisymme-
try in arguments, linearity in both arguments. Jacobi identity also holds for
a Poisson bracket.

An integral of motion is a quantity that is preserved:

Definition: An Integral of Motion

Q(q,7) is an integral of motion < 92 = (.

&=
Alternatively we can make the Statement:

Q(q,m,t) is an integral of motion < {Q, H }poiss = 0.

The proof of is a standard issue of the theoretical mechanics.

Definition: Compatibility
J and K are compatible only if their Poisson bracket vanishes.
A set is said to contain compatible quantities if they are pairwise compatible.

Now we are able to restate the last Statement:
The integrals of motion are quantities that are compatible with the Hamil-
tonian.

Definition: An Integrable System
A system is integrable only if it possesses a set of N independent and com-
patible integrals of motion.

It follows that systems which possess fewer constants of motion are non-
integrable or chaotic.

Now that we have defined integrability, we can prove that the systems de-
fined by Lagrangians (1.1) and (1.2) are integrable in the special case B = 0,
see Appendix A.
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4.2 Lyapunov Exponent

The Lyapunov exponent is very useful concept describing separation of close
trajectories in the phase space.

Suppose we have a trajectory, z(t) = [¢(t), p(t)]. Consider another one, Z(t)
initially very close to the first one:

Z(t) — 2(t) = 6(t), 6(0) = by, |0o] =1, e € R.

Definition: Rate of Divergence

Let R(t) = % so in our case: R(t) = |5(€t)| :

The time-evolution of R(t) is crucial. We usually study dependence of In R(t),
however. Let us define the limit:

Definition: Leading Lyapunov FExponent

o = lim In £(?) : (4.3)

t—o0 t

Note: Sometimes one might encounter “mean” or “average” (leading) Lya-
punov exponents. This usually suggests space averaging.

The last notion allows us to distinguish regular! and chaotic trajectories by
virtue of the following definition.?

Definition: Stability
Whenever the leading Lyapunov exponent of a trajectory is zero, it is termed
reqular or stable. Otherwise it is unstable or chaotic.

Note: There are no chaotic trajectories in an integrable system. Integra-
bility implies (full) regularity.

Definition: Measure of Regularity

In general a measure function that measures a regularity-related quantity is
a measure of regularity.

We are more specific — volume density of initial conditions corresponding to
stable trajectories is considered to be the measure of regularity.

!This word will be used in to different ways. Stable trajectories will be sometimes
termed regular. And we will say the system is more/less regular depending on its measure
of regularity.

2A mathematical purist would surely be justly enraged about the use of definition for
such a cause, but we have not introduced enough concepts to make a proper statement.
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It would seem that everything is well-defined. The definition (4.3) is a bit
problematic, though. It has to amended for cases of bounded systems that do
not support infinite divergence of trajectories. Despite the fact that this is
of real concern, we will not pursue it formally any further. Rather, we hope
to propose criteria for stability of trajectories on the operational basis. This
process is described in detail in section 7.1.



Chapter 5

Regularity and Lyapunov
Exponent

The chapter presents results of numerical computations and their subsequent
analysis. We studied both the dependence of regularity ( fre, ) and mean lead-
ing Lyapunov exponent (o) on j. In order to have done that, the equations of
motion (3.5) had to be solved.! Whenever it was possible, 200 trajectories?
were chosen for a pair (j, B). This should ensure that results are not taxed
heavily by randomness.

The chapter is divided into two parts. The first one aims on regularity
and the other on the mean leading Lyapunov exponent. As the topic of the
regularity stems from [1], it will be slightly preferred. The discussion of the
figures will be complemented with error estimation.

The Lyapunov section will be briefer, as there is no such need for a lengthy
scrutiny.

5.1 Regularity

Investigation of the regularity was our primary objective. We wanted to
compute regularity for the rotating case and analyze it. Last, we intended
to compare to the results with those published in [1].

Let us recall that the density of the regular trajectories is taken as a
measure of regularity. This density was studied as a function of B for various
values of 7. The energy of the system was kept zero in all cases.

!The Chapter 7 lists methods, tricks, their advantages, vices and loopholes.

2The graphs for j < 10~* and the red line in fig. 5.6 used fewer initial conditions. The
red line took its time, see sec. 7.4. Generation of the initial conditions proved time and
space consuming for very small j-s.
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Figure 5.1: Regularity in the region of small j.

The simulations show that the dependence of fi;on j is non-random.
In fact, it shows reasonable behavior. This justifies the choice of j as the
classification parameter ex postfacto.

The j-dependence of the fiesis best characterized by description of the
following regions:

1. Region of small j-s, j € [0,0.005]

The dependence of regularity in this region copies very much the canon-
ical dependence of the non-rotating case. This is demonstrated in
fig. 5.1. The graphs of regularity exhibit the same pattern and tend to
follow one another.

The graph of of f/Z° has the following extrema: three prominent local
maxima B = {0.3,0.45,0.6} and four local minima B = {0.25,0.35,0.5,1.1}.
Additionally, there is a highly regular, though not a saturated tail from
B >1.3.

Yet, there is a suggestion of a decreasing trend at the first peak (B =
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Figure 5.2: fie(B) in the transition region.

0.3), where the graphs for lower j tend to go higher than their more
rotating counterparts. This tendency continues even in the transition
region and well beyond it. So we conclude that this local peak gradually
vanishes with increasing j.

. Transition® region, j ~ 0.01

The general features of the dependence start to alter subtly here. The
minimum at B = 1.1 moves towards greater B-s and becomes shallower.
At the same time, the descending monotonous part [0.65, 1.1] starts to
level. This can be observed well on the height of the peak at B = 0.6.
This is shown in fig. 5.2, and fig. 5.3.

Figure 5.2 depicts all instances that have been computed in the region,
along with the referential fﬁ;o. For greater convenience a selection is

3The name suggests resemblance to the previous case, while also inducing an idea of
progressing changes.



5.1 Regularity 24

provided in figure 5.3. The transitional character of the region becomes
more evident there.
The drift of the deep minimum and its eventual rise can be observed
well. Moreover, the monotonous character of the interval [0.65,1.1] is
changed. Eventually there is an important rising trend at the end of
the interval for both 7 = 0.05, and 5 = 0.07.
Another interesting observation is that

L e e
on the interval [0.0,0.65]. And we note that maxima of fj3° are not
followed closely any longer at B = {0.3,0.45} at all. At B = 0.6
the correspondence is not much greater in absolute numbers, but the
extremal character of the point is preserved. Eventually, this is one of
the few features that are (partly) retained in the last region.

3. Post-transitional region, j > 0.1
This region ceases to possess resemblance to the previous ones. We
note that the first local minimum is a bit deeper and much broader:
regularity becomes zero on a “seabed” (approx. B € [0.15,0.35]) for all
species. Afterwards, the general trend is a sharp rise to the maximal
regularity. So the first part of fes comes in the shape of U, while the
second is plain constant. The graph of fg‘ej“ differs from the others a
bit. It does not feature the simple U-and-constant shape, and it sticks
to fi=0 between 0.65 and 0.80. Actually this makes it rather similar to

the Cgse fg;om from fig 5.3. Apparently, the two display some similar
properties. On the other hand, the fﬁegom has a shallow minimum at
B = 1.25 that stamps the region of low and middle j-s. The graph of

Ja ! seems to have lost it. As a result, this particular case was sorted
to the post-transitional region.

Generally, we can state that the saturation of regularity shifts towards smaller
B-s with increasing j. Otherwise said, the presence of significant angular
momentum tends to stabilize the system. It has not been observed that its
presence has detrimental effects on regularity in the domain.
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Figure 5.3: A selection in the transition region — The deep minimum shifts to-
wards greater B-s gets shallower. The descending part [0.65, 1.1] is becoming
more level.
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Figure 5.4: Post-transitional region — the scenario changed dramatically.
Note the two distinct parts of the f., : the U-part and the constant part.
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5.1.1 Error Estimation

There is a notion that a statistical error associated with randomness might
play a role here. The randomness arises mainly from generation of the initial
conditions and their perturbations. The existence of such source of error can
be tested by a repetition of the calculation for the same j. Figure 5.5 depicts

0.7
0.6

0.5

fo®)

0.4

0.3

0.2

—— j=0.05(1)
—— j=0.05(2)
0.1r / — err. est.

Figure 5.5: Estimation of statistical error.

such an attempt. The maximal absolute difference between the two sets is
A = 0.085. The value of the estimate is not terribly surprising, although it
is far from negligible. Still, the flawed correspondence in fig. 1.1 should lead
our path. As the estimate of the statistical error is not big enough to explain
the discrepancy, we have to search further.

We might assume that our method is not free of systematic errors.* These
have to be tackled in a more subtle way. We might use comparison between
the “old” and “new” results of f.e for the non-rotating case. Let us collect

41t would be quite unwise to presume the opposite.
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all results for j = 0 that we have at our disposal along with the technical
information concerning those methods. (fig. 5.6)

fo®)

S j=0(M1,a)

j=0 (ML, b)
§ j=0(M2)
j=0(str)

1 1 1

"0 01 02 03 04 05 06 07 08 09 1 11 12 13 14 15

Figure 5.6: Estimation of systematic error.

i) Blue line: The standardly-used fie, dependence. We used Method 1
from sect. 7.1 for calculations. The maximal amplitude of the random
generator was default.

ii) Green line: Method 1 was used as well, but the maximal amplitude of
the generator was enlarged.

iii) Red line: The Method 2 was employed, and the amplitude of the gen-
erator should be around default.

iv) Cyan line: The result from [1], based on the Poincaré sections.

Let us assume that the cyan line is the least erroneous. Additionally,
suppose that the areal approach is close to the volume approach, e.i. that
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the system does not exhibit exotic properties on the Poincaré section. Now
this assumption may not seem as plausible as the previous one. However,
note that the cyan line is bounded most of the time by the red and the green
ones. So no matter what devilry might lurk there, the state of the Poincaré
section is quite close to the state of the whole system.

We know® that the Method 2 contains parameter oinreshold. 'L his parameter is
most critical for correct distinction between regular and chaotic trajectories,
so it could act an exceptionally efficient generator of systematic errors. So we
might suspect that its existence undermines reliability of the method. How-
ever, it is evident that this method is generally more precise, so we should
not be making hasty decisions.

There is a similar problem even in the Method 1 — the intermediate trajec-
tories. These could be mistaken for regular trajectories. Such lapse would
indeed induce a systematic error that would increase regularity. So is the den-
sity of intermediate trajectories significantly higher than normal at B = 0.3
and B = 0.5 for j = 07 Or is the assumption about greater validity of older
results vain? We do not know.

Given the information we have, the questions about the discrepancy remains
unresolved. And a decent systematic error estimate for Method 1 climbs up
to 0.17 while disregarding the extrema. (B = 0.3 and B = 0.5)

5Cf. sect. 7.1.
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5.2 Mean Leading Lyapunov Exponent

The dependence of the leading Lyapunov exponent will be presented, but
not commented extensively. The division of the regions is left unchanged.
There is no special figure for the zero-level dependence, though. As it was
explained a need for such figure is considerably smaller.
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Figure 5.7: Mean Leading Lyapunov exponent in the region of small j.



5.2 Mean Leading Lyapunov Exponent

31

0.18

(b

0.16

0.14

0.12

0.1

o(B)

0.08

0.06

0.04

0.25

AP

0.15

a(B)

0.1

0.05

Figure 5.9: Mean Leading Lyapunov exponent in the region of high j.



Chapter 6
Treatise of the PAS

“No PASaran!”!

The chapter focuses on the concept the Principal Axes System that was
introduced in the sec. 2.2. Its existence led to the elimination of the three
shape parameters (af, ok, al,). This fact might induce some false hopes
about decreasing the the number of relevant shape parameters from five to
two in a general case. On the contrary, it will be demonstrated that the PAS

is not a very strong tool in the rotating case.

6.1 Kinematical Nature of the PAS

A question one might raise after reading sections 2.2 and 2.2.1 is whether
there is any need for five parameters in the Lagrangian (3.1). The answer is
a plain and emphatic yes, but its explanation is instructive.

Proposition 1 Assume the system is transformed to the PAS att = 0, so
the a(0) matriz is diagonal. In the most general case, the a(h) will not be
diagonal at a later time.

Proof: Remember that the matrix of the velocities & is also transformed at
t = 0, but will not become diagonal in general. Now we should solve the
equations of motion that could be derived from Lagrangian (3.1). We can
avoid this work, however. Imagine we derived the equations. Apparently
they would be like:

1“No Pasaran!” meaning “They shall not pass!” was a Republican rallying cry in the
Spanish Civil War.
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where f would stand for the right-hand side and strange subscripts and
superscripts would denote all possible indices.

Now we might to reduce the ODE of the second order into two ODEs of the
first order. This can be done easily:

* X

Vag, = Qo -
Now the equations become:

Uoz’Q‘k = f(va’gka azk) )
o, = Uaack.
Now assume we are performing numerical solution.? We take such a small

timestep h so that the right-hand-side terms are constant. Then:
&3,(h) = ha, (0).

So given that the velocities are non-zero at the start, as they are, even the
off-diagonal a-s become nonzero.
Note that it does not matter what the development of the velocity is like. Il

We proved that (ol , al,, al,) cannot be dropped, as they tend to reappear
at a later time. Now we could transform the coordinates once again and
eliminate the off-diagonal terms. Nonetheless, we could hardly hope they
remain non-zero. So we can transform the coordinates any time we desire
and obtain a simplified description, but we have to solve the full equations.
This supports the notion that the coordinate transformation into the PAS is

a just kinematical one.

6.2 Relevance of the PAS for the Non-Rotating
Case

The previous negative results might have seriously undermined our belief in
the PAS’s worth. Here we will outline that all not is doom and gloom if the
system lacks angular momentum.

Proposition 2 Assume the system is transformed to the PAS at t = 0.
Additionally, let the angular momentum be zero J = (0,0,0). The matrix
a(t) will remain diagonal.

2We are actually doing so by employing the venerable Euler method.



6.3 Demonstrative Value of the PAS 34

Proof: First of all, a zero angular momentum remains zero in all coordinate
system, even in a PAS. Now recall the expression(3.8) and set the zero on
the right-hand-side. We start with the third component:

Js = 2K [d;a;l - a;d;l + 2(0532&;2 - a;d;)] =0.
As we are in the PAS, we can drop terms with (ol , al,,a},) at t = 0. That
means
—4Kakd, = 0.

22722

Now % (0) is arbitrary, so &5,(0) = 0. Immediately we take the terms for J;
and JQ.

Jo = VR [V2(0h,08, — 4,0l + o, — alhal) + V3(dyal, — aydl,)| =0

= V2K [V2(akak — alial + alal, — abal) + V3(dyal — aydl)] =0

We use the nullity of non-diagonal terms and &}, to obtain:

\/édéla?z + \/gazod; - 07
\/5(5(?10[32 - \/505206"431 =0.

Well, it is manifestly evident that for arbitrary ol (0) and a,,(0) the &% (0)
and @&}, (0) must be zero.
In sum, the initial velocities of the off-diagonal terms are zero. This ensures
that the off-diagonal terms remain zero in the next step. Moreover, the con-
dition J = 0 holds for all times, so the proof above could be repeated. It
would be shown that &% (h), &k, (h), and &,(h) are zero. B

Now it has been shown the «(t) remains diagonal in the non-rotating
case. The PAS thus stays the same.?

6.3 Demonstrative Value of the PAS

We saw that the PAS cannot be used to simplify the equations of motion for
the rotating case. On the other hand, the PAS has a certain demonstrative
value. Remember that proper deformations are most conveniently studied in
that system.

So one might propose to study the deformations while disregarding the ro-
tations by:

3This enlightens the footnote 5 in chapter 2.



6.3 Demonstrative Value of the PAS 35

R
21

1 R

1. Solving the equations by one step for (a,,, ol , al,, ok al)).

207

2. Transforming the coordinates into PAS and note either (a,,a,) or

(B,7).

This would enable comparison of the deformations in the rotating and non-
rotating case. Such an analysis would be quite valuable. Nonetheless, several
discomforting problems arise.

6.3.1 Coordinate Degeneracy

It has been mentioned that the choice of the PAS is not unique. Permuta-
tion of the basis vectors and inversions supply the variation. From a purely
algebraical point of view this would be negligible. However, the terms in the
« matrix are marked — we assigned them specific meaning. Therefore the
permutation of the numbers on the diagonal is of considerable concern. For
instance, the permutation of the x and y axes causes inversion in sign of a,
and preserves «,, cf. (2.6).

The foreshadowed problem resurface when one tries to diagonalize the
a-matrix.* The routine performing the diagonalization, the LAPACK ([12])
chooses such a basis that the eigenvalues are placed on the diagonal in as-
cending order. This is a severe drawback — after each step, one has to verify
that the last transformation matrix was “closest” to the previous one. If it
was not, the closest one has to be found and appropriate transformations
performed.

Not only does this procedure sound complicated, but is just so bewildering
when applied. Its implementation is time-consuming and error-prone. Once
this is accomplished, a startling phenomenon is encountered.

6.3.2 Abrupt Changes and Avoided Crossings

Assume that we have constructed a routine that eliminates troubles that
arise from the coordinate degeneracy. Now we can start comparing the cases
of zero and non-zero angular momentum.

We choose special initial conditions so that a,(0) = 0. This means that
the system is in the PAS system at the start. Now we start evolving the
system and transforming into the “nearest” PAS for a while. We plot the
graph in the (ag, as) plane.

In the next step we use the same initial conditions as above, but we eliminate

4The discussion is becoming a tad technical, but these steps have to be carried out in
computations.
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the angular momentum by setting the &,(0) to zero. We evolve the system
and add results to the plot we have already drawn. A sample scenario is
depicted in fig. 6.1, left panel.

mtx. a(t), L#0, j = 0.05 mtx. a(t), L=0
0.5 ‘ 0.6 T 0.6 T
for L,=0
forL_#0
p4
0.4 | o0a4f .
0.3 .
N ’
Y
02 - : '-_... J .
) O | |
Lo le g
s 01r L 13 3
Y3 > >
\f -0.2 b
of -
—0.1} |
_0 2 - i/.": .
7z ) 2z
-0.3 : -0.8 : -0.8 :

-15 -1 -0.5 0 1 2 0 1 2

Figure 6.1: A demonstration of abrupt divergence of trajectories — left, and
evolution of eigenvalues of o for both rotating and non-rotating cases — middle
and right

Now it seems that something is amiss here. We might have expected a
slight divergence of the trajectories, but we observe a dramatic separation
instead. The observation is disquieting. Its causes remain a bit inexplicable,
but a proposition have been put forward.

In addition to the (ag, as) plots, we draw time dependence of the cartesian
representation of the shape parameters, see fig. 6.1, middle and right panel.
We discern the difference at once: The «,, and «,, do not cross in the middle
panel. They rather “rebound”. So we concur that the abrupt divergence is
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associated with the non-crossing of the cartesian parameters.

This conclusion does not solve the puzzle completely. The problem is rather
displaced — one has to explain the cause of the avoided crossing. The task is a
formidable one, for it essentially involves analysis of the time-dependence of
the eigenvalues. For the purpose of this work, there has not been a substantial
effort in that direction. Yet, it is certain that the phenomenon would be a
suitable target of further scrutiny.

There is a hint that there might be physical, rather than mathematical
reasons lurking behind the scene. The expressions (6.183) from [4] for mo-
ments of inertia might might be the first step.

The question still stands: Who shall pass?



Chapter 7

Numerical Aspects

The chapter contains a simplified description and explanation of the main
algorithms that have been used in the course of the work. The goal is to
provide a concise but transparent picture of the method, so that the relevance
of results can be questioned. For the very reason the weaker points will be
emphasized and discussed. Additionally, a few important parts of the source
code will be presented. Another reason is purely pedagogical, as the chapter
may well be used as an introduction to numerical investigation of chaos. The
algorithms could be employed to tackle new problems if suitably modified.
This requires their good knowledge, however.

The listed examples feature the MATLAB! syntax that is very similar to
the standard C notation.

7.1 Determination of the Lyapunov Exponent

The Lyapunov exponent has been defined by (4.3). Unfortunately, the def-
inition is not suitable for direct computation. A number of sophisticated
methods can be found in the literature, fi. in [6], [7]. They might involve
linearization of the equations ([6], [7]) or subtle application of functional and
spectral analysis ([7]).

On the other hand, there are two useful and simpler methods that could be
employed as well.

IMATLAB is a high-level language and interactive environment developed by the Math-
Works, Inc.
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7.1.1 Method 1

Despite the fact that it might appear simplistic and uncomplicated, this
method can be employed successfully. It was used by Alhassid and Wheelan
in [2] for calculations of the the average largest Lyapunov exponent, and
the fractional volume of chaotic trajectories in the classical limit of the IBM
model.

Recall that Lyapunov exponent is the limit of In R(¢)/t. Yet, the limit of
infinite time is mightily inconvenient for several reasons. First, two trajec-
tories cannot diverge exponentially in a bounded system for ever. Secondly,
infinite time is numerically impractical. Therefore a suitable terminal time
has to be chosen. If it is done shrewdly, then the behavior of the rate of
divergence In R(t) provides the distinction between regular and chaotic tra-
jectories:

i) The function In R(t) is almost piecewise linear function of ¢. The first
part has nonzero slope, while the second tends to be constant. Obvi-
ously, the first part corresponds to the divergence of trajectories, while
the second is caused by the impossibility of further expansion. The
Lyapunov exponent of this chaotic trajectory can be determined as the
slope of its first part.

ii) The function has logarithmic behavior which suggest that in the limit
of infinite time the Lyapunov exponent will be zero. The trajectory is
therefore regular.

A sample of a regular and a chaotic trajectory is shown in figure 7.1. The red
lines are attempts to fit a generic chaotic dependence, while the cyan ones
fit a regular dependence.

There are two points that have to be addressed, though. The first one is
the choice of terminal time. The requires some knowledge of the system and
has to be done semi-empirically. The other point involves tackling interme-
diate trajectories that defy the classification mentioned above. Additional
information on the matter can be found in [2].

7.1.2 Method 2

The second method is similar, but does not provide an intrinsic criterion of
regularity. It is comprehensibly described in [3], so only a brief summary will
be given here.

We let the system evolve for a while (¢t < Ti4,). Then the core idea is to
compute Lyapunov exponent after finite time, while readjusting g(t) so that
its distance from y(t) remains ¢ after each iteration. Precisely:
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Figure 7.1: An example of a regular (left) and a chaotic (right) trajectory
with attempted fits of In R(t)

cnt = 1;
while (t <= Tfin)
[t, y] = RK4(t,y,h); % advance y by one step

[t, y_p] = RK4(t-h,y_p,h); % advance y_p

sgm(cnt) = log(norm(y-y_p)/epsl)/h; % calc. "L. exp"
y_p =y + (y_p-y)/norm(y_p-y)*epsl; % readjust y_p
cnt cnt + 1;

end

The array sgm contains proto-Lyapunov exponents of the trajectory. Hence
the final exponent is obtained as an average of the array. The method could
be further elaborated.

A certain disadvantage of the method is an apparent numerical non-elegance
of the readjustment. This source of possible errors can be negated by a good
choice of initial separation and timestep, however. On the other hand, it
has been observed that the method tends to be slightly incompatible with
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adaptive stepsize. Last, the method does not involve analysis of functions
as the previous one, namely one does not have to fit expected dependence,
although this has its price, see section 7.3.

7.2 The Runge-Kutta Method

The section is divided into two subsections. The first one contains the basic
formula for the fourth-order Runge-Kutta method and a sample code of its
implementation. The second part deals with error estimation and adaptive
stepsize control.

7.2.1 Basics

It has been suggested that Runge-Kutta solver has been employed. Despite
the fact that the RK is a part of the standard numerical armory, its basics
are repeated here for reader’s convenience. More information can be looked
up in literature, namely [8].

Consider a set of first-order differential equations for the functions y;

dy;(x)
dz

:fi($>y17-~~,?/N), Z.Zl,...,N,

assuming that the functions f; on the right-hand side are known. For an
initial value problem, the fourth-order Runge-Kutta formula is:

ky = hf(:lfn, yn)
ko = hf(x, + 2y, + B
ks = hf(xn + 5y, + 52)
ky = hf(z, + h,yn + k3)
Ynit = o+ g+ R R HOW). (7.1)

Sample code:?

t=0;,p=1;, y=y.0;
while t <= Tfin
R(p,:) =y; p=p+1;
k1 = hxem3(y);

ZNote that the functions f; are not explicitly time-dependent, recall (3.5). So t does
not have to be passed to em3.
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k2 = hxem3(y+k1/2);
k3 = h*xem3(y+k2/2);
k4 = hxem3(y+k3);

y =y + k1/6 + k2/3 + k3/3 + k4/6;
t =t + h;

end

R(p,:) =y; % The solution is stored in R(1l:p,:)

7.2.2 Error Estimation and Adaptive Stepsize Control

The basic form of the RK (7.1) does not provide an error estimate. This has
to be addressed, as the error estimate is vital for several reasons. First, we
require that the results of the computation are more precise than the epsl
that governs the separation. If the numerical error got greater than the sep-
aration, the resultant Lyapunov exponent would be erroneous. Second, even
in a more general case, the error estimate is useful, especially for adaptive
stepsize methods.

One way of estimating the error is the half-step method: advance y by
stepsize h and advance it twice by % The error estimate is then the norm of
the difference:

[t, y_1s] = RK4(t_0,y,h); % 1-step, full stepsize

[t, y_2s] = RK4(t_0,y,h/2); % 1st step, half stepsize
[t, y_2s] = RK4(t,y_2s,h/2); 7% 2nd step, half stepsize
err_est = norm(y_1s-y_2s); % compute error estimate

It has been emphasized that the error estimate is invaluable and the lines
above could be used to calculate it. However, note that this particular imple-
mentation adds 8 additional evaluations of the right-hand side. The greater
control thus comes at its price.

Once we possess reliable means of error estimate, it may turn out that
error estimate is greater than the required precision: Agg > Ajequireqd. In this
case one must keep decreasing the stepsize until the required precision is
attained. So it would seem that the advantage of the error estimate means
just more work and the conviction that the method is not error-prone. On
the other hand, one might increase the stepsize if the error is too small so
that fewer steps are needed to finish the calculation. Thus the extra code and
work will be repaid more than fairly by the considerably greater efficiency. [§]
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Surprisingly, the adaptive stepsize method has been subject to failures
in the course of testing and has been abandoned. Therefore, the error esti-
mates have been made separately and the stepsize set to h = 0.001 as it was
mentioned in section 7.2.1. The value has appeared to provide greater than
sufficient precision throughout the testing. Consequently, the final algorithms
do not feature any sort of precision checking for the sake of decreased time
consumption.?> The omission of the routine remains a liability, nonetheless.

7.3 Estimation of Chaos Threshold

It has been mentioned that the crucial point is the distinction between regular
and chaotic trajectories based on their Lyapunov exponents.* Theoretically
it is very simple: whenever a Lyapunov exponent is nonzero, the trajectory
is chaotic.”
However, once a numerical attempt has been made, it turns out that the
matter is not so simple. Figure 7.2 shows Lyapunov exponents of trajectories
obtained for various energies in the analytically integrable case when B = (.
First of all, one observes that there are no trajectories with zero Lyapunov
exponent. Does that mean that there are no regular trajectories? Apparently
not. This disturbing fact only means that the standard criterion has to be
adjusted. In fact, knowledge that all these trajectories must be regular leads
our way.
The straight-forward idea is that the trajectories whose Lyapunov exponent
is smaller than a certain non-zero — empirically obtained number — will be
considered regular. The critical number will be computed as the maximum
from a large number of Lyapunov exponents for the fully integrable case.
Its resultant value is:”

Othreshold = (0.01671.

It is good to remind that the non-zero value of the threshold stems from
the employed method. The value is significantly dependent of the T2, the
computational time and not so much on the h, the stepsize of the Runge-
Kutta. However, an excessive minimization of oy esnola 1S too costly, as both

3Cf. (7.4) and realize that 8 additional evaluations per step would result in threefold
required time.

4This section concerns Method 2.

5Cf. section 4.2 for details.

6This case will be referred to further as fully integrable with the idea of emphasizing
that there are only regular trajectories in the phase space.

"For Tyqp = 75, Teye = 500, h = 0.001 .

8For Tyay =~ 50, Tere = 250, h = 0.001 the oihreshold = 0.021.
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Figure 7.2: A sample demonstrating the non-vanishing values of o for tra-
jectories in the fully integrable case
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an increase in T.,. and a decrease in h result in greater time and memory
consumption.

Last, a typical value of average largest o is greater than opreshola by @ factor
of 2-3 at least. That is reassuring for the method, as it shows that not many
trajectories exist in the grey zone, where their status would be dubious.

7.4 Computational Time

The following section® does not contain any purely scientific results, but it
is worth some attention. Even the most elaborate theoretical concept has to
be implemented lest it becomes an inutile fancy relic.
Inevitably, the time required to perform the calculations could be the limiting
factor of the described methods. A simple count is therefore provided.
Figures 5.2-5.4 feature approximately 31 points per line. Each point is an
average of 100 trajectories. A single trajectory takes approximately 118-150 s
to evaluate. This makes it 3h:16-4h:10 per point. Clearly, a single line totals
roughly 102-129 h, at most a little more than 5 days.!”
These estimates suggest that all computation could be performed in a matter
of week or fortnight if half-dozen computers were employed. This was indeed
the case. On the other hand, the required time justifies the number of crude
estimates and simplifications that have been carried out — the rejection of
the error checking in particular. See sect. 7.2.2.
Additionally, the time requirements demonstrate that the matter is fairly
demanding on both hardware and algorithms. Eventually, if subsequent at-
tempts to verify and elaborate the results are to be attempted, a shift from
MATLAB is advisable.

9The estimates were calculated for Method 2.

10The given numbers apply to for the following configurations: PC (z86-64) AMD 6
3200+ (2.2GHz) - socket 754, 1024 MB RAM, Gentoo Linuz and PC (z86) Pentium /
2,6/2,8/3 GHz, 512/1024 MB RAM - dual channel Gentoo Linuz. No sluggards.



Appendix A

Constants of Motion and
Integrability

A.1 The Non-rotating Case
We recall the old Lagrangian (1.1):

L= %(52 + B%4%) — AB* — BB cos(3y) — Cp*.

We would like to find the integrals of motion the system possesses and discuss
its integrability.

Assume that B=0. Moreover, for the sake of the analysis let us get rid of
the constants A, C', and K by setting them to 1.

L= (B4 ) — 5= "

Apparently, v is a cyclic coordinate, so

is an integral of motion. Moreover, the Lagrangian is time independent,
so energy will be conserved as well. We re-write the the expressions by
Hamiltonian formalism.

The canonical momenta are:

g = 67 Ty = 527
Additionally, the latter is equal to the recently-found integral of motion.
The Hamiltonian will become:

2
=y () - -5t
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In order to verify that [; (angular momentum) and H (energy) are compat-
ible, we have to check whether their Poisson bracket vanishes.

2
{IlaH}Poiss = {ﬂ-’ya% (ﬂ-é + %) - ﬁQ - ﬁ4}

As ., mg are canonical momenta and (3 is a canonical coordinate, the first,
third and fourth terms are inevitably zero.
The remaining one vanishes as well:

! W—3 _87@6(;—@ _ ama@—i) 87r»ya<;_§) _ 8%8(;_%)
{M’Q(ﬁz)}_aﬁ oty dms 98 | oy om om0
=0-0+0-0=0.

We have proven that I; and H are in involution. There are clearly function-
ally independent as well. Once we recall the definition of the integrable sys-
tem (section 4.1), we conclude that the system described by Lagrangian (1.1)
is integrable if B = 0. On the other hand, if the parameter is non-zero, the
expression [; will not be a constant of motion any longer. This suggests that
the system is chaotic.

A.2 The Rotating Case

Unlike in the previous paragraph, we will start with a cartesian form. The
Lagrangian we derived was (3.3):

K o . .
L= +E+C) =AW +&+ )+ BB +C) =’ ] = COP + &+ ).
As above, we set B = 0 and —A = C = K = 1, and so we obtain the
Hamiltonian:

H:%(wiﬂ?ﬂ?)+(n2+£2+<2)+(n2+£2+<2)2-

The problem appears to be spherically symmetric, so the angular momenta
will should be integrals of motion. We define them canonically:

JW = fﬂ'c —7T§<,
Je = (my — mem
Jo =nme — mk.
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The square of the magnitude, J? is thus:
J? = n27rg + 7)27r? + §27r2 + £2ﬂg + C27T,2, + <27T§—
— 2(nmy€me + nmyCme + EmeCme).
We verify that the angular momentum is an integral of motion:

OHOJ, OH I, +8_H8Jn _OHOJ,  OHOJ, OHOIJ, _
on om, Om, On 0% Ome Ome 06  OC Om¢  Ome OC
= 261420 + & + )N (=C) — myme+

+ 220" + €+ () + meme = 0.

{H7 Jn} =

So the n-component of the angular momentum is a compatible integral of
motion. The cyclic permutation n — ¢ — (¢ would allow us to prove the
same for both J; and J;. On the other hand, we cannot expect that the
components of the angular momentum are in involution with one another.
The proof of compatibility for H and J? is similar:

{H, T} = 1+ (0 + & + ONmy (€% + ) — n(mel + 7)) — 2my[n(nf + 72) — 7 (mek + mcC)]
+4E[L+ (0 + & + O)re(n® + ) — E(mgn + e Q)] = 2me[€(mh + 72) — e (myn + 7€)
+ AL+ (? + 6% 4 O)lme (0 + €2) = C(mgn + me€)] = 2me[C(my + 7E) — me (g1 + mel)]
=4[l + (> + & + )%
X [ (€% + C%) — 0P (mel + 7 Q) + Eme(n® + CP) — € (mgn + 7€) + (e (0 + €2) — P (myn + 7€)
— 2y (g + 7Z) — m(me€ + mcC) + Eme(my + wZ) — 7w (myn + 7€) + (e (my + 1F) — w (g + meE)]
=0.

The same can be done for J, and J 2,

{Jn, ?} = 2m¢[me(n® + %) — E(my + (o)) + 2C[E(m2 + 7E) — me (g + (me)]—
— 2me[me(n® + &%) — ((nmy + &me)] — 26[¢ (w2 + 72) — me(nmy + Eme)] =
=0.

We have proven that there exist three independent and compatible constants
of motion: H, J?, .J,. The conclusion is that the system is again integrable, if
B = 0. With the non-zero value of B, the system loses rotational invariance,
and as a consequence some integrals of motion. So we deduce that it will be
chaotic.



Appendix B
Analysis of Jy4.(F, B)

Since the beginning of this work we have encountered the j, the fraction of
J and J,,.,. However, the properties of the denominator .J,,,,, have not been
mentioned so far. Yet, the determination of maximal angular momentum for
a given energy and B! is an interesting exercise.

We have to find an extremum of the function J; while satisfying the
energy constraint at the same time. The method of Langrange multipliers is
therefore a natural choice. Before its application, we make a few preparatory
steps.

We recast the Hamiltonian (3.4) into cylindrical coordinates:

1
H: ﬁ<ﬂ-]2%+7ri/R2+ﬂ-g)+A<R2+z2)_Bz<3R2—Z2)—|—C<R2+z2>2

We use the scaling (—4 = K = C' = 1) and obtain:
1
H = 5(7T}2z+7Ti/R2+7T§) _ (R2+22) —Bz(3R2—22)+(R2+Z2)2.

We also rewrite the expression for angular momentum, namely J; into cylin-

drical coordinates. This is straightforward and leads to: J; = —2m,.
Assume we want to maximize J3 for a certain energy. Let us construct a

new function: F' = J3 + A(H — E). We will attempt to find extrema of this

'We will employ the standard scaling.
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function. So we begin:

— =\ —
aﬂ'R TR 0

OF

o,

g—i = -2+ \m,/R*) =0
oF
5F =
OF
5 =
OF
%
oF

N 1/2(rf, + 72 /R* + ) — (R*+ 2°) = Bz(3R* = 2*) + (R* + 2*)? = E =0

=Am, =0

A-77/R> — 2R — 6BzR + 4R(R* + 2°)] = 0
M—2z —3B(R* — 2°) + 42(R* + 2*)] = 0

0=0

We immediately recognize that A\ # 0 as a result of the third equation. So
we may all other equations by A. This promptly brings:

mr=7,=10

T, = 2R*/)\

— 75 /R* = 2R — 6BzR +4R(R* + 2*) = 0

—22—-3B(R* - 2*) +42(R* + 2*) =0

1/2(np + 72 /R +m2) — (R?+2%) = Bz(3R* = 2) + (R* + 2°)? = E =0
(B.1)

We will use the first two lines to simplify the others. Supposing R # 0, we
calculate the R? from the fourth and A\? from the third equation:

—423 —3Bz%2 + 22

2 _
= 4z — 3B
M\ = 2
2(R?+2%2)—3Bz—1
We plug R? into \%:
P2 _ —42% —3Bz2* + 22
B 4z — 3B
\2 = 2(4z — 3B)

3B(—822+3Bz+1)
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Finally we put all partial expressions together and plug them into eq. (B.1).
This is an arduous task and we may well require some numerical aid. Once
the calculation is done, are delighted to see a polynomial equation for z:

160B2°+48B*2* — B(45B%+84)2* —(4+16 E—9B?)2*+12B(2B+1)2—9EB* = 0
We cannot hope to solve the equation by hand for all B and F, but this is
hardly inconvenient. Numerical solution of the the polynomials is a feature
of all contemporary numerical tools. Once we have z, we swiftly calculate
R, X and eventually find the extremal J3. Note, however that there is much
more work to be done if one wanted solve the problem completely.

We could have opted for the numerical from the beginning. If we do so,

we will obtain the following graph:
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