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Additional terms in the HamiltonianAdditional terms in the Hamiltonian
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1st order 2nd order

Lipkin Hamiltonian:

2.  QPT mechanisms2.  QPT mechanisms

Need for large-� calculations  => methods beyond the mean field
Results for two-level boson models: Dusuel, Vidal, Arias, Dukelsky, García-Ramos (2005-2007)
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2.  QPT mechanisms2.  QPT mechanisms complex extensioncomplex extension

HHH &λ+= 0 µλλ i+=Λ→

Degeneracy of Hamiltonian eigenvalues:

real case => rear solutions
complex case => abundant solutions

Complex degeneracies
determine the dynamics 
of real energy levels !

E

λ• Kato (1966)
• Zirnbauer, Verbaaschot, Weidenmüller (1983)
• Shanley (1988)
• Heiss (1988), Heiss, Steeb (1990), Heiss, Sannino (1991), Heiss, Kotzé (1991)�.
• Cejnar, Heinze, Dobeš (2005), Cejnar, Heinze, Macek (2007)
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3.  Excited3.  Excited--state quantum phase transitionsstate quantum phase transitions
thermal phase transition � a singular evolution of the spectrum with the control parameter
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finite number of quantum degrees of freedom):

� → ∞ � ħ → 0

The λ x E plane is more convenient in the finite case than the λ x T plane

Singular growth of the level density
• 1st order: discontinuity
• 2nd order: discontinuous 1st derivative

⁞
• nth order: discontinuous (n−1)th derivative
• continuous no order: singular derivative

Singular evolution of the spectrum (anomalous level dynamics)
sharp “collisions” (avoided crossings) of many levels
individual levels may show coherent or chaotic dynamics

Cejnar, Stránský (2008)
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More complex structures of the potential energy surface 
around the 1st order QPT. Their influence on the spectrum 
was not yet studied in the IBM, but only in simpler models.
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3.  Excited3.  Excited--state quantum phase transitionsstate quantum phase transitions 1D cusp Hamiltonian1D cusp Hamiltonian
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3.  Excited3.  Excited--state quantum phase transitionsstate quantum phase transitions 2D 2D vibronvibron modelmodel

LipkinLipkin modelmodel (1D)
• Heiss, Müller (2002)
• Leyvraz, Heiss (2005)
• Relaño, Arias, Dukelsky, García-
Ramos, Pérez-Fernández (2008)

vibronvibron modelmodel (3D→2D→1D)

IBM O(6)IBM O(6)--U(5)U(5) (5D→2D→1D)
• Cejnar, Heinze, Jolie, Macek, 
Dobeš (2006, 2007)

fermionfermion pairing modelpairing model (1D)
• Reis, Terra Cunha, Oliviera, 
Nemes (2005)
• Caprio, Cejnar, Iachello (2008)

around around 22ndndorderorder groundground--state QPTstate QPT

V
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• Pérez-Bernal, Iachello (2008)
• Caprio, Cejnar, Iachello (2008)

2D 2D vibronvibron model model ((λλ==½½))
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2D angular momentum
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The study of shape phase transitions in nuclei 
and related models can enrich the general 
theory of quantum phase transitions.

ConclusionsConclusions

1. The influence of additional degrees of freedom
Creation of new phases and phase transitions in 
combined systems.

2. Mechanisms of first-order & continuous QPTs
Asymptotic behavior of complex branch points
near the real axis of the model control parameter 
determines the type of the phase transition. 

3. Quantum phase transitions for excited states
Non-analytic changes observed in spectra of 
excited states. These changes are rooted in 
classical dynamics of the system. 

casesor ⊕⊗

1st order     � locally 2-level mechanism

continuous � many-level mechanism

singular growth of level density  � singular evolution of the spectrum with control parameter

Istanbul, September 2009

Friedrich Justin Bertuch, 1790-1830, Bilderbuch für Kinder, 
source: Wikipedia


